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Dedicated to Masaki Kashiwara with admiration 

Abstract. The quantized flag manifold, which is a q-analogue 
of the ordinary flag manifold, is realized as a non-commutative 
scheme, and we can define the category of £)-modules on it us- 
ing the framework of non-commutative algebraic geometry; how- 
ever, when the parameter g is a root of unity, Lusztig's Frobenius 
morphism allows us to handle /^-modules on the quantized flag 
manifold through modules over a certain sheaf of rings on the or- 
dinary flag manifold. In this paper we will show that this sheaf 
of rings on the ordinary flag manifold is an Azumaya algebra over 
its center. We also show that its restriction to certain subsets are 
split Azumaya algebras. These are analogues of some results of 
Bezrukavnikov-Mirkovic-Rumynin on D-modules on flag manifolds 
in positive characteristics. 



0. Introduction 

0.1. In [17J Lunts and Rosenberg constructed the quantized flag man- 
ifold for a quantized enveloping algebra as a non-commutative projec- 
tive scheme. They also defined a category of D-modules on it, and 
conjectured a Beilinson-Bernstein type equivalence of categories. In 
pl] we proposed a modification of the definition of the ring of dif- 
ferential operators on the quantized flag manifold, and established a 
Beilinson-Bernstein type equivalence for the modified ring of differen- 
tial operators (see also Backelin-Kremnizer [3]). 

The above mentioned results are for a quantized enveloping algebra 
when the parameter q is transcendental. The aim of this paper is to 
investigate the ring of differential operators on the quantized flag man- 
ifold when the parameter is a root of unity. It is a general phenomenon 
that quantized objects at roots of unity resembles ordinary objects 
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in positive characteristics. Hence it is natural to pursue analogue of 
the theory of D-modules on flag manifolds in positive characteristics 
due to Bezrukavnikov-Mirkovic-Rumynin [5]. In [5] an analogue of the 
Beilinson-Bernstein equivalence was established on the level of derived 
categories. Moreover, it was also shown there that the ring of differ- 
ential operators satisfies certain Azumaya properties. In this paper 
we will be concerned with the Azumaya properties in the quantized 
situation. 

0.2. Let G be a connected simply-connected simple algebraic group 
over C, and let q be its Lie algebra. We fix Borel subgroups and 
B~ of G such that H = fl B~ is a maximal torus of G. We denote 
by A^^ the unipotent radical of B^. We denote by Q and A the root 
lattice and the weight lattice respectively. We also denote by A"*" the 
set of dominant weights. Set F = Q(g^/A/QI)^ where g^/l^/QI is an 
indeterminate. We denote by Uf the quantized enveloping algebra of q 
over F. It is a Hopf algebra over F, and is generated as an F-algebra by 
the elements fc^, Cj, fi (A G A, i G /), where / is the index set for simple 
roots for g. We can define a g-analogue Cf of the coordinate algebra of 
G as a Hopf algebra dual of U^. More precisely, we define Cf to be the 
subspace of HomF(f/F,F) spanned by the matrix coefficients of type 1 
representations of t/p- Then we have a f/F-bimodule structure of Cf 
given by 

{ui- Lf ■ U2, u) = {if, U2UU1) (u, Ml, U2 & Uf,Lp e Cf). 

Set 

= ^f(A) C Cf 
aga+ 

with 

Af(A) = {ip e Cw \ If ■ V = Xx{v)(f {v G 

where f/p ° is the subalgebra of Uw generated by k\, (A G A, z G /) 
and xx is the character of corresponding to A. Note that Af is a 
non-commutative A-graded F-algebra. The quantized flag manifold Bg 
is defined as a non-commutative projective scheme by 

Bg = Proj^(AF). 

This actually means that we are given an abelian category Mod{OBg) 
of "quasi-coherent sheaves on Bg" defined by 

Mod(CBj = ModA(AF)/TorA+(AF), 

where ModA(AF) is the category of A-graded left ^F-modules, and 
Tota+{A^) denotes its full subcategory consisting of M G Mod\{Af) 
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such that for each m G M there exists some A G such that 
A-p{X+ljL)m — for any fi e A+. The natural functor u* : Mod\{Af) — >■ 
Mod(C»Bj admits a right adjoint : Mod(C>Bj ModA(AF). Tak- 
ing the degree zero part in u^, we obtain a left exact functor F : 
Mod(OBj Mod(F), called the global section functor. Here Mod(F) 
denotes the category of F-modules. 

Define an F-subalgebra Df of EndiF(>lF) by 

Dw = {^^, r^, du, ax\ (f e A^,u e Uw,X e A), 

where £^ and are the left and the right multiplications of (p respec- 
tively, du denotes the natural left action oi u & on induced by 
that on Cf, and a\ is the grading operator given by o'a(v^) = g'^^'^'V 
for Lp G Af{^). Then Df is a A-graded ring by Df{\) = {$ G Df \ 
^{A^{lJ,)) C Af{ij, + A) (/X G A)} for A G A. By the aid of the universal 
i?-matrix we can show that can be expressed using other type of 
generators. Hence we have 

Dv = {i^,du,(Jx I G G f/p, A G A). 

A Dp-module is regarded as an 74F-module by the algebra homomor- 
phism A^ 3 (f £^ e in the following. We define an abelian 
category Mod('DB^) of "quasi-coherent "De^-modules" by 

Mod(I?Bj = ModA(£'F)/ModA(£'F) nTorA+(AF). 

Denote by H(¥) the set of F-rational points of the maximal torus H of 
G. For t G H(F) we define an abehan category Mod{ViB^^t) of "quasi- 
coherent De^^r modules" by 

Mod(I?B,,<) = ModA,t{D^)/ModA,tiD^) n TorA+(AF), 

where ModA,t(-DF) is the full subcategory of ModA(-DF) consisting of 
M G ModA(-DF) such that crf,\M{\) = fi{t)q^^'^'Ud for any A G A. Then 
T^Bq,i is "the sheaf of differential operators on Bq \ and other T>Bq,tS are 
its twisted analogues (although they have only symbolical meanings). 

Let us consider the specialization of the parameter q to roots of unity. 
We take an odd integer £ > 1 which is prime to \A/Q\, and prime to 
3 if is of type 6*2. We fix a primitive ^-th root of unity C' £ C and 
consider the specialization 

(0.1) gV|A/QI^^', q^C={Cr/^\. 

Note that ( is also a primitive £-th root of unity by our assumption. 
Set 

A = {/(g^/l^/^l) G F I f{x) is regular at x = C'}, 
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and 

= {kx, //"M A G A, 2 G /, n G Z^o)A-a«<, C Uf, 

Ua = {k\, Ci, fi \ X e A,i e I)A-alg c f/p, 

where el^\ f-'^^ denote standard divided powers. and Ua are Hopf 
algebras over A called the Lusztig form and the De Concini-Kac form 
of Uw respectively. Taking the Hopf algebra dual of we obtain an 
A- form Ca of Cp. We set 

AA = AfnCA= Aa{X), 
AeA+ 

= i^v, r^, du, ax \ ^ e Aa,u e Ua, \ e A) 

= (i^, du, ax \ f e Aa,u eUA,X e A) C EndA(AA) C Endf{Af). 
Now we consider the specializations 

A^ = C®A Aa, = C ®a f/A, U^ = C®A Ua, 

D^ = C(S)A Da, 

where A — i- C is given by flU.ll) . Note that the natural homomor- 
phism — )■ Endc(^c) injective. Similarly to Bq we obtain a 

non-commutative projective scheme = Proj^(y4^), which actually 
means we are given an abelian category Mod{0]3^) defined similarly to 
Mod((9B^). We also have abelian categories Mod(Pg^), Mod{Vs^^t) for 
t G H{C) defined similarly to Mod(r'gJ and ModiVs^ t) respectively. 

Let U^ — )■ U{q) be Lusztig's Frobenius morphism, where U{g) is the 
enveloping algebra of g. By taking the dual Hopf algebras we obtain 
a central embedding C[G] — )■ of the coordinate algebra C[G] of G 
into C(^. Let Ai be the subalgebra of C[G] defined similarly to A^. 
Then Ai is a commutative A-graded C-algebra such that Proj^(y4i) is 
naturally isomorphic to the flag manifold B = B~\G of G. Under the 
identification C[G] C Q we have Ai C and Ai{X) C A^(£A) for 
A G A+. We denote by Fr^^O^^ the C^-module corresponding to the 

A-graded Ai-module A^^^ = 0^^^+ yl^(£A). The Ai-algebra structure 

of A^ endows with Ft^Ob^ a canonical (9g-algebra structure. Then 
we have an equivalence 

Mod[OB,) = ModiFnOs^) 

of abelian categories, where Mod(Fr^,Cg^) denotes the category of 
quasi-coherent Fr^jOg^-modules. Similarly, we have 

Mod(pBj ^ Mod(Fr,pBj, 

Mod(PBc,t) = Mod(Fr,Pec,0 {t e i/(C)), 
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where Fr^V^^ and Fr/Ds^^t are C^-algebras corresponding to Ai-algebras 
Df and of ®c[A] C respectively. Here of = 0^^^+ D^(£A), and 
C[A] = Ce(A) denotes the group algebra of A. Moreover, C[A] — t- 

D^^^ and C[A] — )• C are given by e(A) i— )■ a\ and e(A) t-)- X{t) respec- 
tively. 

Denote by ZD^ the central subalgebra of generated by elements 
i,p,du,cr\ {if G Ai,u G ZFr{U(^),X £ A), where ZpriUc) denotes the 
Frobenius center of f/^. Let be the central (9g-subalgebra of Fr^Dg^ 

corresponding to ZD^^\ By ZpriUc) is a Hopf subalgebra of f/^ 
isomorphic to the coordinate algebra C[K] of the algebraic group 

K = {{hg+, h-^g_) \ h e H, g± e N^} d B+ x . 

We note also that the group algebra C[A] is naturally isomorphic to 
the coordinate algebra C[if] of H. Hence we have a natural surjective 
algebra homomorphism Ai ® C[i^] C[if] — )■ ZD^^\ Correspondingly, 
we have a natural surjective Cg-algebra homomorphism p^ObxKxh 
Z(^, where p:BxKxH^B is the projection. Define k : K ^ G hj 

Theorem 0.1. We have =p^Ov, where 

V = {{B-g, k,t) e B X K X H \ gK{k)g-^ e t'^^N-}. 

The proof of this theorem is accomplished as follows. In order 
to show that the kernel of p^Oq^kxh contains defining equa- 

tions of V one needs to establish certain relations among elements of 

ZD^^ -D^^^y As mentioned earlier, r<^ for G can be expressed 

using other generators by the aid of the universal i?-matrix 7^. In fact 
we have two universal i?-matrices IZ and *7?.~^ by which we obtain two 
different expressions of the same element r^p. This gives our desired 
relations. Hence Zc^ is a quotient of p^Oy. To show that is iso- 
morphic to p*(9v we use Poisson geometry. We have a natural Poisson 
structure of F = (A^^\G) x K x H, and the support of the puUback 
of Zc_ to y is a Poisson subvariety of y by [9] . On the other hand we 
can show that the pullback of V to y is a connected symplectic leaf of 
the Poisson manifold Y . Hence the assertion follows from the fact that 
Z(^ ^ Q which is easy to check. 

We denote by V the localization of Fr^^V^^ on V. 

Theorem 0.2. V is locally free over Oy of finite rank. Moreover, for 
any f G V the fiber T>{v) ofT> at v is isomorphic to the matrix algebra 
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M£]v(C), where N is the number of the positive roots. In particular, T> 
is an Azumaya algebra. 

This result follows from a result of Brown- Gordon [6] and the fact 
that V is locally generated by i"^^ sections. Using the action of the 
braid group on V the proof of the latter fact is reduced to a calculation 
on a standard open subset of B. 

Let W denote the Weyl group. Consider the fiber product Kxh/wH, 
where K — )■ H/W is the composite of k : K ^ G and the map G — )■ 
H/W associating g ^ G with its semisimple part, and H — )■ H/W 
is given by associating t & H with the VT-orbit of t"^^. We define 
6 -.V ^ K Xh/w H hj S{B-g, k, t) = {k, t). 

Theorem 0.3. For any {k,i) G K Xui^^ H there exists a locally 
free Os-^{k.t)-'m'0dule M. such that T>\s-i{k^t) — ^^'^05-1(^4) (-^)- Hence 
^|(5-i(fc.t) is a split Azumaya algebra. 

The proof of Theorem l0.3l is similar to that for the corresponding fact 
in positive characteristics due to Bezrukavnikov-Mirkovic-Rumynin [5]. 
By Brown-Gordon [6] the result is already known when t & H belongs 
to certain open dense subset Hur of H. The proof for the general case is 
reduced to this special case by using certain isomorphisms of Azumaya 
algebras. 

The content of this paper is as follows. In Section 1 and Section 
2 we recall basic facts on a quantized enveloping algebra and its rep- 
resentations respectively. In Section 3 the quantized flag manifold is 
introduced and some of its properties are investigated. In Section 4 we 
define the ring of differential operators on the quantized flag manifold 
and establish some properties. In particular, we show that it acquires 
an action of the braid group. Theorem 10.11 is proved in Section 5. 
Theorem 10.21 and Theorem 10.31 are proved in Section 6. 

We note that a closely related result is given in Backelin-Kremnizer 

i- 

0.3. In this paper we shall use the following notation for a Hopf al- 
gebra H over a field K. The co multiplication, the counit, and the 
antipode of H are denoted by 



(0.2) 
(0.3) 
(0.4) 



Ah : H ^ H ^Y.H, 
Eh: H ^K, 
Sh:H^H 
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respectively. The subscript H will often be omitted. For n G Z>o we 
denote by 

A„ : // ^ 

the algebra homomorphism given by 

Ai = A, A„ = (A (g) idi7®n-i) o A„_i, 

and write 

(ft) (/l)n 

Moreover, for a K- algebra A we denote by 

m: A(^A^ A 
the K- linear map induced by the multiplication of A. 

1. Quantized enveloping algebras 

1.1. Let G be a connected simply-connected simple algebraic group 
over the complex number field C. We fix Borel subgroups B'^ and B~ 
such that H ^B+nB- isa maximal torus of G. Set iV+ = [B+, B+] 
and = [B~ , B~]. We denote the Lie algebras of G, B^, B~, H, 
iV"*", by 0, b"*", b~, {), n+, respectively. Let A C {)* be the 
root system of {q, ()). For a G A we denote by Qa the corresponding 
root space. We denote by A C ()* and Q C i)* the weight lattice and 
the root lattice respectively. For A G A we denote the corresponding 
character oi H hj 9\ : H C^. We take a system of positive roots 
A+ such that is the sum of weight spaces with weights in A"*" U {0}. 
Let {ai}i(zi be the set of simple roots, and {wi}i(zi the corresponding 
set of fundamental weights. We denote by A+ be the set of dominant 
integral weights. We set Q+ = 0jgjZ^o"j- Let W C GL{\)*) be the 
Weyl group. For i & I we denote by Sj G the corresponding simple 
reflection. We take a VK-invariant symmetric bilinear form 

(LI) (,):[^*xr^C 
such that {a, a) = 2 for short roots a. 
Lemma 1.1. We have 

(A,Q)cZ, (A,A)Cp^Z. 

Proof. For a G A and A G A we have 

(\ 2(A,a) {a, a) 

[a, a) 2 

The second formula follows from the first one. □ 
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For a G A we set = 2a/ {a, a). For i G / we fix G 0q,., f\ G 
such that [cj, / J = a/ under the identification i) — i)* induced by ( , ). 
For A = ^-gj Ciai G f)* we set ht(A) = ^.^^ q. 
We define p G A by (p, = 1 for any i G /. We set = |A+|. 

1.2. For n G Z^o we set 

Nt = Y^pr ^ ^[^'^"']' Nt' = N*[^ - 1]^ • • • [2]t[i]t e z[t,t-i]. 

We denote by Up the quantized enveloping algebra over F = Q(q^^^^/^\) 
associated to q. Namely, Up is the associative algebra over F generated 
by elements 

kx (AG A), eiJi {iel) 
satisfying the relations 

(1.2) ko^l, kxk^,^kx+t^ {X,neA), 

(1.3) kxe,k^' = q^^'"^^e,, (Ag A,2G/), 

(1.4) kxhkl^ = q-^^''''^fi (AgA,^G/), 

k- — k~^ 

(1.5) tifj - fjCi = 5ij- {iJ G /), 

(1.6) E (-l)"e?-"'^-"^e,e(") = {i,jel,i^ j), 

n=Q 

1-aij 

(1-7) E = (^, J G /, ^ ^ j), 

n=0 

where qi = 5("i."i)/2^ /j. ^ A;^., = 2(0;^, Q;j)/(Q;i, ai) for i, j G /, and 

el"^ = er/[n] J, /f ^ = /r/[n] J 

for z G / and n G Z^q- AVe will use the Hopf algebra structure of Uf 
given by 

(1.8) A{kx) = kx^ kx, 

A{ei) = ei(»l + ki0ei, A{fi) = fi k'^ + 1 (8) /i, 

(1.9) e{kx) = 1, eie,) = e{U) = 0, 

(1.10) S{kx) = k-^\ S{e,) = -k-'e,, S{f,) = -f,k,. 

Define subalgcbras U^, U^ , Uf , U^''^ , U^^ of Uf by 
C/° = (A;a I A G A), U+ - (e, h G /), U^ ^{fi\te I), 
C/|° = {kx, ei\XeA,ieI), C/|° = {kx, fi \ Xe A,i e I). 
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Then the multiphcation of induces isomorphisms 

(1.11) U^^U^®U^0U^, 

(1.12) f/|° ^ [/° ® f/+ = f/+ ® f/|° = ® f/p- = f/p- ® t/° 
of vector spaces. Moreover, {kx | A G A} is an F-basis of 1/^- We have 

(1.13) f/± = 

(1.14) f/i,% = {u e I fcA^fc^^ = g±(^'^)n (A G A)}. 

We denote by B the braid group corresponding to W. Namely, B is 
a group generated by elements Tj {i G /) satisfying relations 

TjTj = TjTj (»i,J e /,i 7^ j), 

ord(siSj)-times ord(siSj)-tinies 

where ord(siSj) denotes the order of SiSj G W . For w & W we set 
= Tjj ■ ■ ■ Ti^ where w = Si-^ - ■ ■ is a reduced expression of w. It 
does not depend on the choice of a reduced expression. We have a 
group homomorphism 

given by 

Ti{k^) = ks^^, (/i e A), 

-/i^i (j = 0, 

E^^(-i)'?f#^/^/^~"^"'^ (j e /, J ^ .), 

-/c,-^ei (j = i) 



Ti{ej] 



(see Lusztig \20\). 

Let Wo be the longest element of W. We fix a reduced expression 

Wq = Si-^^ ■ ■ ■ Si^ 

of Wo, and set 

Then we have = {(3k \ I ^ k ^ N}. For 1 ^ k ^ N set 
(1.15) e^^ = Ti, ■ ■■Ti^_^{eiJ, f^^ = Ti, ■ ■■Ti^_,{fiJ. 

Then {ej^ ■ ■ ■ ej^ \ m,, ■ ■ ■ ^ 0} (resp. 

{f^N " I "^1, • • • , "^Af = 0}) is an F-basis of (resp. f/f ), called 
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the PBW-basis (see Lusztig [19]). We have Cq- = Cj and /q,. = fi for 
any i E I. For l^fc^A^, m^Owe also set 

(1-16) e^-^ = el/[m],^J, = /.^/H^^J, 

where = q^f^'^y^ for /3 G A+. 
Denote by 

(1.17) r : f/|° X Uf ^ F 

the Drinfeld paring. It is characterized as a bihnear form satisfying 

(1.18) T{x,yiy2) = {t ®T){/\{x),yi®y2) (x G f/|°, ?/2 G f/|°), 

(1.19) r(xiX2,?/) = (r (g)T)(x2 (8X1, A(y)) (xi, X2 G f/|°, ?/ G f/|°), 

(1.20) r(A;;„A;^) = g-(^'^) (A,/iGA), 

(1.21) r(A;A,/i) = r(ei,A;A) =0 (A G A, 2 G /), 

(1.22) r(e„/,)=5,,/(g-i-g,) (^,J G /) 

(see [23], [20]). It satisfies the following (see [23], [20]). 

Lemma 1.2. (i) r(^(x), ^(y)) = r(x, y) for x G y G 

(ii) For X G U^f^ ,y G f/p° we /iawe 

yx= ^ r(x(o),5(?/(o)))r(x(2),y(2))x(i)?/(i), 

(a;)2,(y)2 

xy= ^ r(x(o),i/(o))T(x(2),5'(?/(2)))t/(i)X(i). 

(^)2,(?/)2 

(iii) T{xkx,yk^) = q-^^^^h{x,y) for \, fi E A, x e ,y E . 

(iv) r(f/+^, f/^;.^) = {0} for /3, 7 G g+ w'^^/i /? 7^ 7- 

(v) For any (i E the restriction T\jj+^y^jj- ^ is non- degenerate. 

Denote by ZiU^^) the center of f/p- Let 

F[A] = 0Fe(A) 

be the group algebra of A. Define a linear map 

i : Z{U^) F[A] 

as the composite of 

Z{Uf) cUf- ® ® f/+ [/° ^ F[A], 
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where = ¥[A] is given by k\ e(A) for A G A. Then t is an injective 
algebra homomorphism and its image is described as follows. Note that 
the Weyl group W naturally acts on F[A] by 

we(A) = e{wX) {w e W, \ E A). 

We also consider a twisted action of W on F[A] given by 

w o e(A) = q^'^^-^'P^eiwX) {w e W, X e A). 
Then the image of t coincides with 

F[2A]^° = {/ G F[2A] I wo/ = / (weW)} 

(note that the twisted action of W on F[A] preserves F[2A]). In partic- 
ular, we have an isomorphism 

(1.23) Z{Uw) - F[2A]^° 

of F-algebras (see, e.g. For A G A+ we denote by m(A) the element 

of Z{Uv) which corresponds to 

J2 wo e(-2A) G F[2A]^° 

w€W/Wx 

under the identification (ll.23p . where W\ = {w eW \ wX = A}. Then 
we have 

(1.24) Z{U^) = Fm(A). 

AeA+ 

1.3. We fix an integer i > 1 satisfying 

(a) i is odd, 

(b) £ is prime to 3 if G is of type G2, 

(c) i is prime to \A/Q\, 

and a primitive ^-th root C G C of 1. Define a subring A of F by 

A = {/(g^/l^/<3l) I fix) G Q{x), f is regular at x = ('}• 

We set C = (C')'^^*^'- We note that ( is also a primitive i-th root of 1 
by the condition (c). 

We denote by f/f, Ua the A-forms of Uy called the Lusztig form and 
the De Concini-Kac form respectively. Namely, we have 

= {e'TK ft\ k^\i&I,me Z^o, A G A)A-aig C U^, 
Ua = (cj, fi, kx \ i e I, X e A)A-aig C Uy- 

We have obviously Ua C f/f. The Hopf algebra structure of Uw induces 
Hopf algebra structures over A of U^ and Ua- Setting 

ut' = u^nu'^, ui = UAnu'^ (b = +,-,^ o,^ o). 
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we have 

(1.25) 

(1.26) 

(1.27) 

and 

(1.28) 

(1.29) 

(1.30) 

Set 
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U 



u 



u 



L,0 



Ua = ®A K ®A u+, 

'A ul 



Uf ^ f/° ®A U7 ^ U 



ki] c 
m 



m—l 

n 

s=0 



{i e I,m e Z^O) c G z), 







'h; 0" 


m 




m 



{i e I,m e Z>o) 



Then we have 



and 



G U 



L,0 



{i E I,m & Z;>o, c G Z) 



AA;, n 

AeA',(e,)e{0,l}^(nOeZ|Q 



where A' C A is a representative of A/Q. By Lusztig [19j we have the 
following. 



Lemma 1.3. 



(mjv) f{mi) 



(i) ■ ■ ■ I mi, . . . , m^v ^ 0} (resp. 



U. 



■ fjj^^^ I mi, . . . , m-AT ^ 0}) is an A-basis ofU^'^ {resp. 



(ii) Ut IS M-stable. 

By De Concini-Kac [7] we have also the following. 

Lemma 1.4. (i) {e™^ " " " e",' | mi, . . . , miy ^ 0} (res^». 

■■■f^,'\mi,...,mN^O})isan A-basis of {resp. 

(ii) Ua is M-stable. 
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By Lemma [1.41 (i). Lemma [1.31 (i) and Jantzen fl3\ 8.28] we have 
Lemma 1.5. 

Ul = {ue t/+ I Tiu,U^n C A)}, = {ue I r(f/^'+,«) C A)}. 

1.4. Now we consider the speciahzation 

A^C h^C')- 

Note that q is mapped to C = (C')'^^*^' ^ C, which is also a primitive 
i-th root of 1. 
We set 

U^^ = C(S)aU^, U^'' = C®aU^'^ (b = +,-,^0,^0), 
Then and f/^ are Hopf algebras over C, and we have 



Uf ^ f/° ®c ^ f/+ ®c f/? ' 
^ ®c f/c" = f/c" ®c f/c ■ 



We denote by 



L ttL>0 rr^O ^ L tt^O TrL,<0 

T :U(- X C, r : f/^r x t/^ '- C 

the bilinear forms induced by the Drinfeld paring r. 

In general for a Lie algebra s we denote its enveloping algebra by 
U{5). 

We denote by 

(1.31) TT : f/f f/(0) 

Lusztig's Frobenius homomorphism ([I9]). Namely vr is the C-algebra 
homomorphism given by 

for i G /, m G Z^qj A G A. Here, e-""^ = e"/n!, /j^'^'' = /"/n! for i G / 
and n G Z^q- Then vr is a homomorphism of Hopf algebras. 



14 TOSHIYUKI TANISAKI 

1.5. We recall the description of the center Z{U() of the algebra 
due to De Concini-Kac [7j and De Concini-Procesi [H]. 
Denote by Z{Uj^) the center of [/a. Then by [7] we have 

Z{Ua) = Am(A). 
AeA+ 

Define a subalgebra ZuariPc) of Z{Uq) by 

We define a twisted action of W on the group algebra C[A] = 0;)^^^ Ce(A) 
of A by 

w o e(A) = C^"'^~^'^^e(wA) (w G H^, A G A). 
By [7] (11.231] induces an isomorphism 

(1.32) ZHa.(f/c)-C[2A]^° 
of C-algebras. Namely, the linear map 

i : ZHar{U^) ^ C[A] 

defined as the composite of 

is an injective algebra homomorphism whose image coincides with C[2A]^ 
Moreover, we have 

(1.33) ZuaAU^) = Cm(A), 

aga+ 

where we also denote by m(A) its image in Uc_ by abuse of notation. 
By [7j the elements 

e/, //, (/3gA+, AgA) 

are central in ?7^. Let Zpr{U^) be the subalgebra of [/^ generated by 
them. ZpriPc) turns out to be a B-stable Hopf subalgebra of t/^. Define 
an algebraic subgroup K of x 5^ by 

K = {{gh,g'h-') \heH,geN+,g'e N~}. 

By [9] we have an isomorphism 

(1.34) ZpriUc) = C[K] 

of Hopf algebras. The following description of the isomorphism (11.341) 
is due to Gavarini [I2]. Let us identify C[K] with C[N~]^C[N+]®C[H] 
via the isomorphism 

N~xN+xH = K {{g, g', h) ^ {gh, g'h-')) 
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of algebraic varieties. For / G C[A^^], /' G C[A^^], A G A the element 
of Zpr{U(^) corresponding to f ® f ® 6\ is given by ukix{Su') where 
u G U^, u' G are given by 

r^Ki/) = (/,7r(|/)) {yeU^n. 
M^,«') = (/',^(^)) {xeU^^'^). 

Here we identify C[A^''=] with a subspace of f/(n^)* via the canonical 
Hopf paring. 
Define 

(1.35) k:K^G 

by K(gi,g2) = gig2^- Define rj : G ^ H/W as follows. For g E G 
let G G be the semisimple part of g with respect to the Jordan 
decomposition. Then Ad{G){gs) H H coincides with a single ly-orbit 
in H. We define ri{g) G H/W to be this VT-orbit. The morphism 
7] o K : K ^ H/W of algebraic varieties induces an injective algebra 
homomorphism (rj o n)* : C[H/W] C[K]. We identify C[H/W] with 

C[2M]^ = {f e C[2£A] I = / {we W)} 

using the identification 

C[2M] ^ C[i/] (e(2A) ^ ^a). 

Proposition 1.6 (De Concini-Procesi [9]). There exists an isomor- 
phism 

(1.36) ZHariU^) n Z^.(t/c) = C[2M] 
o/ algebras such that the diagram 

ZnariUc) i ZHar{Uc)nZpr{Uc) > ZpriUc) 

C[2A]^° < C[2M]^ > C[K] 

commutes. Here the vertical arrows are the isomorphisms fll.32p . fll.36p . 
f ll.34p . the upper horizontal arrows are the inclusions, and the lower 
horizontal arrows are the inclusion C[2£A]^ C C[2A]^° and [rj o k)* . 
Moreover, we have an isomorphism 

Z{Uc) = ZuariUc) ^ZHaAUc)nZpr{Ui;) ZpriUc) (^1^2 ^ ^1 ® Z2) 

of algebras. In particular, we have 

(1.37) Z(f/^) - C[2A]^° ®c[2^A]- <^[K]. 
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Corollary 1.7. We have 

Spec Z{U^) ^Kxh/w H/Wo, 
where H/Wo — )■ H/W is given by [t] [t^] . 

2. Representation 

2.1. If i? is a ring, we denote by Mod(i?) the category of left R- 
modules. 

Remark 2.1. We will also use the notation like Mod(7^) even when 
TZ is not a ring (e.g. Mod(Ce^)). The meaning of this type of notation 
will be explained separately when they appear. 

For Mi,M2 G Mod(t/F) the tensor product Mi ® M2 has a natural 
[/p-niodule structure by 

u ■ (mi ® 1712) = A{u){mi ® 1712) {u G f/p, mi G Mi, m2 G M2). 

For A G A we define an algebra homomorphism x\ '■ ^ ¥ hy 
Xx{k^) = (/i G A). For M G Mod(f/F) and A G A we set 

Mx = {m e M \ km = X\{.h)m {h G U^)}. 

We denote by Modj(f/F) the category of finite dimensional t/p-modules 
M such that M = Q^^^M^. We also denote by ModintiUf) the cat- 
egory of [/F-modules M which is a sum of modules in Mod fi^Uf)- It 
is well-known that a L^p-module M belongs to Modint{Uf) if and only 
if M = Ma and for any m & M there exists r G Z>o such that 

e-'^''m = fi'^m = for any i E I. For Mi,M2 G Modj„t(f/F) we have 
Ml ®M2 G Modi„t(f/F). 

For A G A we define M+,f(A), M_,f(A) G Mod(?7F) by 

M+,f(A) =f/F/ 5^ Uf{y - e{y)) + Uf{h - xx{h)), 

yeUf h€U§ 

M_,f(A) =Uf/ Uf{x - e{x)) + Uwih - Xx{h)). 
xeu+ heu§ 

M+^f(A) is a lowest weight module with lowest weight A, and M__f(A) 
is a highest weight module with highest weight A. By (11.111) we have 
isomorphisms 

M+,f(A) = f/]f^ {u<^u), M_,f(A) = f/jfT (u^u) 
of F-modules. Moreover, we have weight space decompositions 

^+,f(A)= M+,f(AV, M_,f(A)= M_,f(A)^. 
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For A G A+ we define L+,f(-A), L_,f(A) G Modf{Uw) by 
^+,f(-A) 

y&U- h&U^ i&I 

f(— A) is a finite-dimensional irreducible lowest weight module with 
lowest weight —A, and L_ ^ (A) is a finite-dimensional irreducible high- 
est weight module with highest weight A. We have weight space de- 
compositions 

L+,f(-A)= L^A->^)„ L_,ip(A)= L_,ip(AV. 

We have also L_^f(A) = L+^f(woA). Moreover, the category Modf{Uw) 
is semisimple, and its simple objects are L_ f(A) for A G A+ (see Lusztig 

m)- 

Let M be a f/p-module with weight space decomposition M = 0^^^^. 
such that dimM^ < oo for any G A. We define a t/F-module M* by 

M* = M; C M* = HomF(M, F), 

where the action of Uf is given by 

{um*, m) = (m*, {Su)m) {u G ?7f, m* G M*, m G M). 

Here ( , ) : M* x M — )■ F is the natural paring. 
We set 

Ml^{\) = (M^,f(-A))* (A G A), 

L;,,(tA) = (L^,f(±A))* (A G A+). 

Since L^ f(±A) is irreducible, we have 

Li,F(TA) = L±,f(tA) (AgA+). 

Note that we have an injective f/F-homomorphism 

(2.1) LI^AtX) ^ M;_,(tA) (A G A+). 

induced by the natural homomorphism M=p_f(±A) — ?■ Lzp^f(±A). 
For M G Modmt(?/F) we have a group homomorphism 

B ^ End(M)^ 
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given by 

(2.2) Ti = exp^-i (qikifi) exp^-i (-6^) exp^-i {qr^kr^ fi)Hi 

= expg-i{-qik-^ei) exp^-i(/i) expg~i{-q-^kiei)Hi, 

where 

°° j-n(n-l)/2 

exp,(x) = 5^--^x"GQ(t)[N], 

n=0 ^ 

and Hi is the operator on M which acts by y on 

for each A e A. This operator Tj coincides with Lusztig's operator T/\ 
in [201 5.2]. We have 

T^(Ma) = M^A (M e Mod,„t([/F), A G A), 

and 

T^(um) = Tu,{u)T^{m) {w e W,u e Uf,m e M e Modint{Uw)). 

For Ml, M2 G Modint(t/F) we sometimes write the action of T G B on 
Ml ® M2 G ModintiUv) by AT : Mi ® M2 ^ Mi ® M2. We will need 
the following (see Lusztig [201 5.3]). 

Lemma 2.2. For Mi, M2 G Modj„t([/F) and i E I we have 
AT, = exp^^(gr2(g,^ _ q7^)e,k-' ® /.A;.)(T, ® T,) 
= (Ti ® Tj) expg^((gi - gr^)/. ® e^) 
m EndF(Mi (g) M2)''. 

2.2. For M G Mod(f/|') and A G A we set 

Mx = {meM\hm = xx{h)m {h G U^'°)}. 

Lemma 2.3. Let A,/i G A swc/i t/iat A 7^ /i. T/ien i/iere exists h G f/^''' 
stxc/i t/iai X\{h) = 1 a^i-c^ Xm(^) = ^- In particular, we have x\ 7^ 
HomA(f/i"°,A). 

Proof. Take i E I such that (A,q;^) 7^ (yU, a^). We may assume 



(A, a^) > (/i, a^). Then the assertion holds for h = 
For A G A we define M+,a(A), M_,a(A) G Mod(f/f') by 



ki] -{n,a^) 
(A - fi, a^) 



□ 



M+,A(A)=f/^/ J2 u^{y-e{y))+ E f^f(^-XA(/i)), 

M_,A(A)=f/^/ J] f/^(a;-e(x))+ U^{h-xxih)). 
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By ( I1.25P we have isomorphisms 

M+,a(A) = f/^'+ (u^u), M_,a(A) = f/^'- (u^u) 

of A-modules. In particular, M±_a(A) is a free A-module and we have 
F®aM-i-^a(A) = M±^f(A). Moreover, we have weight space decomposi- 
tions 

M+,a(A)= M+,a(A)^, M_,a(A)= M_,a(A)^. 
AteA+Q+ fj,eX-Q+ 

For A G A+ we define L+_a(-A) G Mod([/f ) (resp. L_,a(A) G 
Mod(f/|')) to be the t/f'-submodule of A) (resp. L__f(A)) gener- 

ated by 1 G L_|_f(— A) (resp. 1 G L_^p(A)). By definition i^±,A(=FA) is a 
free A-module and we have F ®a -^^±,a(=fA) — L±^f{'^\). Moreover, we 
have weight space decompositions 

^+,a(-A)= ^+,a(-A)„ L_,a(A)= L_,a(A)^. 

The canonical surjective [/p-homomorphism M-|-f(=i=A) — )■ Lj- f(=i=A) 
induces a surjective [/^-homomorphism 

(2.3) M±,a(tA) ^ i:±,A(TA) (A G A+). 

Note that (12.31) is a split epimorphism of A-modules since A is PID and 
-^±,a(tA)^ is a torsion free finitely generated A-module. 

Let M be a t/f -module with weight space decomposition M = 
such that is a free A-module of finite rank for any G A. 
We define a ^Tf-module M* by 

M* = 0HomA(M^,A) C HomA(M,A), 

where the action of is given by 

{urn*, m) = (m*, {Su)m) {u G U^, m* G M*, m e M). 

Here ( , ) : M* x M — )■ A is the natural paring. 
We set 

Ml^iX) = (M^,a(-A))* (A G A), 
Li,^(TA) = (L^,a(±A))* (A G A+). 

Then M^^^(A) for A G A and L^_^(=fA) for A G A+ are free A-modules 
satisfying 

F ®A Ml^iX) - M*_p(A), F ®A i:i,A(TA) = L^^iTX). 
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Moreover, we can identify M^^^(A) and L^^^(=i=A) with A-submodules 
of M^j{\) and L^]p.(=FA) respectively. Under this identification we 
have 

(2.4) Ll^iTX) = ^i,F(TA) n Ml^iTX) (A G A+). 
In particular, the ?7f'-homomorphism 

(2.5) ^U(tA) ^ Ml^iTX) (A e A+) 
is a split monomorphism of A-modules. 

2.3. Let A G A. By abuse of notation we also denote by xx '■ U^'^ ~^ C 



the C-algebra homomorphism induced by x\ '■ U^'^ A. 



Lemma 2.4. (i) LetX,fiEA. Ifwehavexx = Xfi'^'>T'^omc{U^'^,C), 
then we have X = fi. 
(ii) {xa}aga is a linearly independent subset o/Homc(f/^'°, C). 

Proof, (i) is a consequence of Lemma [231 and (ii) follows from (i) 
easily. □ 

For M E Mod(f/^^) and A G A we set 

Mx = {m e M \ km = X\{h)m {h G U^'^)}. 

We denote by y\.odf{U^) the category of finite dimensional [/^-module 
M such that M = Q^^^Ma. We also denote by ModintiU^) the 
category of [/^-modules M which is a sum of modules in Mod/(f7^). 
It is known that a f/^-module M belongs to Modj„t(f/^) if and only 
if M = ® AeA f*-*^ m E M there exists r G Z>o such 

that Cj-'^^m = fi^^m = for any i E I and n ^ r (see, for example, 
Andersen- Polo- Wen [Ij). 

For M G Modf{U^) we have a group homomorphism 

B ^ GL(M) 

given by the formula similar to (12.21) (g is replaced by (). 

Lemma 2.5. Let M be a finite- dimensional U{q) -module. If we regard 
M as a -module via n : — )■ U{g) {see (11.311) ). then the action of 
Ti on the -module M is given by 

Ti = exp(7j exp(-ei) exp(7i). 

Proof. Note that for A G A and m E M satisfying km = X{h)m for 
any /i G f) we have tm = xi\{t)'^ for any t G f/^'°. In particular, ki 
and Hi in (12. 2p act trivially on M. From this we see easily that the 
assertion holds. □ 
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For A G A we set 

M±,^(A) = C ®A M±,a(A), Ml^iX) = C ®A Ml^iX). 
For A G A+ we set 

^±,c(tA) = C ®a ^±,a(tA), i^i,c(TA) = C ®A ^i,A(TA). 
We have canonical f/^-homomorphisms 

(2.6) M±,^(tA) ^ L±,^(tA) (A G A+), 

(2.7) ^i,c(TA) -> M;_^(tA) (A G A+). 
Note that (12. 6p is surjective, and (12.71) is injective. 

3. Quantized flag manifold 

3.1. We denote by Cr the subspace of = B.omf{Uw,¥) spanned 
by the matrix coefficients of ?7f- modules belonging to Mod f{Ur), and 
denote by 

(3.1) (,):CfX?7f^F 

the canonical paring. Then Cf is endowed with a Hopf algebra struc- 
ture dual to Uf via (13. ip . Moreover, the bilinear paring (13. ip is a Hopf 
paring in the sense that we have 

(a) u G U^, {Cf, u) = =^ u = 0, 

(b) ^ G Cf, Uf) = ^ ^ = 0, 

(c) {ip^jj, u) = {(f® Au) {if, il> G Cf, u G f/p), 

(d) UV) = {Aif, U®V) {if e Cf, U,V e Uf), 

(e) (1,m) = e{u) {u G f/p), 

(f) (^,l)=e(^) (v^gCf), 

(g) (^v^, Su) = (v?, u) (v? G Cf, M G f/p) 

(see, for example, [131 5.11] for (a) and |23j for (b),. . . , (g)). Note also 
that we have a f/p-bimodule structure of Cf by 

{Ui- Lf ■ U2, U) = U2UU1) (v9 G Cf, M, Ml, U2 G t/p). 

Define a A-graded ring Af = 0AeA+ ^f(A) by 

Af = G Cf I /i = (iG/)}, 

/If(A) = G Af I ■ /c;, = g^'^'^V (/ueA)}. 

Note that Af is a left t/F-submodule of Cf. Moreover, for A G A"*" we 
have Af{\) = Lf(A) as a f/F-module (see [21]). 
We set 

(^F )* = HomF(?7±i^,F) C HomF(?7±,F) = (t/±)*. 

/36Q+ 
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We identify (t/p )* ® (U^)* ® {U^)* with a subspace of t/p by the em- 
bedding 

(u^y ® (u^r ® (f/+)* ^ u; 

if 0X^9^ [uhv ^ f{u)xih)g{v)] for ueUf,heU^,ve U^). 
Then we have 

(3.2) Cf C ® (0 Fxa) ® (f/F+)*, 

AeA 

(3.3) Ar = {e® (0 F^a) ® (f/F+)*) n Cp, 

AeA 

(3.4) Af(A) = (£ ® Xa ® (f/^ )*) n Cf. 

3.2. We define A-forms Ca, Aa, Aa(A) (A G A+) of Cf, Ap, v4f(A) 
respectively by 

CA = WeCf\ {if, U^) c A}, = Af n Ca, Aa(A) = Af{\) n Ca. 

Then Ca is an A-algebra and Ap^ is its subalgebra. Moreover, Ca is a 
[/A-bimodule and A^ is its left L^A-submodule. 
We set 

(f^A = HomA([/£t^,A) C HomA(f/^'^,A). 

By Lemma 12.31 we can easily show 

(0 Fxa) n HomA(t/^'°, A) = AxA. 
AeA agA 

Hence by ([321), (O, (I33D we have 

(3.5) Ca = ((f/^'l* ® (0 Axa) ® (J/a ^)*) n C^, 

AeA 

(3.6) Aa = (e ® (0 Axa) ® (f/i"^)*) n Cf, 

AeA 

(3.7) Aa(A) = (e ® xa ® (f/A'"")*) n Cf. 
In particular, we have 

(3.8) = Aa(A). 

AeA+ 

By (13.51) we can easily show that Ca is naturally a Hopf algebra over 
A. 
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Lemma 3.1. We have an isomorphism 

Aj,{X) = LI ^(A) 

of U^-modules. 

Proof. Note that we have an isomorphism 

gx : LI ip(A) ^ A^{X) 

of t/p-modules given by 

{gx{n,u) = {t,S^) (r G L*_^A^),ue f/F). 

Here, the paring in the right side is the canonical one L*_ p(A) xL+ ][r(— A) — )■ 
F. We have gx{i*)^ Aa{\) if and only if {gxit),Ut) C A. By 
{gxin.Ut) = {tM) = (r,L+,A(-A)) we obtain gx\Aj,{X)) = 
^-,a(A). □ 

By setting 

Aa(A)5 = AF(A)5nAA (AGA+,eGA) 

we have 

(3.9) Aa(A) = Aj,{X)x-y. 

7GQ+ 

3.3. We set 

C^ = C®aCa, A^ = C(^aAa, A^(A) = C®aAa(A) (A G A+). 

Then is a Hopf algebra over C. Moreover, the f/p-bimodule structure 
of Cf induces a ?7^-bimodule structure of C^. Let 

(3.10) {,) -.C^xU^ ^C. 

be the paring induced by fl3.ll) . 
We set 

(Ut^)* = (f/S)* C (f/f '^)*. 

/3eQ+ 

By Lemma 12.41 (ii) we have 

{u^n^ ® (0cxa) ® (t/f'^)* c (f/f )*. 

AeA 
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Moreover, by (ES]), (ESD, (EZD we have 

(3.11) C {U^n^ ® (0Cxa) ® (f/^'+)*, 

AeA 

(3.12) AcC£®(0CxA)®(f/f'+)*, 

AeA 

(3.13) Ac(A) C£®XA® (f/^'^'^)*. 
In particular, we have 

(3.14) = AW c c {u^y. 

AeA+ 

Hence we have 

Ai^ = {ip e \ ip ■ u = e{u)ip {u e U^~)}, 

A^iX) = WeA^\cp.h = xxih)^ iheU^'')} (AgA+). 

By Andersen- Wen [21 4.2(2)] (see also Andersen-Polo- Wen P 1.31 The- 
orem(iii)]) we have the following. 

Proposition 3.2. coincides with the subspace of{U^)* spanned by 
the matrix coefficients of -modules belonging to Modf{U^). 

By Lemma [3. II we have the following. 

Lemma 3.3. For any A G A+ we have an isomorphism 

A^{X) - LI ^(A) 

of -modules. 

Lemma 3.4. For A, /i G A+ the canonical map 

(3.15) A^{X) ® A^{i2) A^{X + fi) 
induced by the multiplication o/A^ is surjective. 

Proof. Note that (13.1 5p is a homomorphism of f/^-modules. Hence 
by Lemma 13.31 we have only to show that the unique (up to scalar) 
homomorphism L_^^{X -|- /i) — )■ L_^^(A) L_ ,^(/i) of [/^-modules is 
injective. For that it it sufficient to show that any non-trivial homo- 
morphism L_^A(A + /i) — i- L_^a(A) (><)L_^A(Ai) of f/^-modules which maps 
L_^a(A + lj)\+iJL onto L_^a(A)a ® L^^p^{ji)fj_ is a split monomorphism of 
A-modules. This follows from [20, Chapter 27]. □ 

Lemma 3.5. (13.101) is a H op f paring. 
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Proof. It is sufficient to show that the canonical map f/^ — > (C^)* is 
injective. Hence we have only to show that if m G Uj^ satisfies m i— i- 
under — )■ Endc(i^-,c(A) ® L^^c^^—jj)) for any X, fi E A+, then u = 0. 
This can be proved as in [131 5.11]. Details are omitted. □ 

3.4. Assume that we are given a homomorphism l : A ^ B of A- 
graded rings satisfying 

(3.16) t{A{X))B{fi) = B{fi)t{A{X)) (A, /i G A). 

For M G ModA(B) let Tor(M) be the subset of M consisting of 
m E M such that for any m E M there exists A G A"*" satisfying 
l{A{X + /i))m = {0} for any /i G A"*". Then Tor(M) is a subob- 
ject of M in ModA(5) by (13^61) . We denote by Toia+{A,B) the 
full subcategory of ModA(i?) consisting of M G ModA(-B) such that 
Tor(M) = M. Note that Tot\+{A, B) is closed under taking subquo- 
tients and extensions in ModA(-B). Let T,{A, B) denote the collection of 
morphisms / of ModA(-B) such that its kernel Ker(/) and its cokernel 
Coker(/) belong to TorA+(^, -B). Then we define an abelian category 
C{A,B) = ModA(5)/TorA+(A,S) as the localization 

C{A, B) = S(A, B)-^ ModA(5) 

of ModA(-B) with respect to the multiplicative system E(A, B) (see [TT] . 
[21j for the notion of localization of categories). We denote by 

(3.17) io{A, B)* -.ModAiB) ^C{A,B) 
the canonical exact functor. It admits a right adjoint 

(3.18) uj{A, B)^ : C{A, B) -> ModA(5), 

which is left exact. It is known that uj{A,B)* o uj{A^B)^ = Id. By 
taking the degree zero part of fl3.18p we obtain a left exact functor 

(3.19) T^A,B) : C{A, B) ^ Mod(5(0)). 

The abelian category C(A, B) has enough injectives, and we have the 
right derived functors 

(3.20) R'T^A,B) ■■ C{A, B) Mod(5(0)) {i G Z) 
of (M). 

We apply the above arguments to the case A = B = A(^. By Lemma 
[33] Tor(M) for M G ModA(A^) consists of m e M such that there 
exists A G A+ satisfying A^(A)m = {0}. We set 



(3.21) 



ModiOs,) = C{A^,A^). 
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In this case the natural functors fl3.17p . f l3.18p . f l3.19p are simply de- 
noted as 

(3.22) : ModA(Af) ^ Mod(OHj, 

(3.23) : Mod(CB^) ^ ModA(A^), 

(3.24) r : Mod(CBj -> Mod(C). 

Remark 3.6. In the terminology of non-commutative algebraic ge- 
ometry Mod((9B^) is the category of "quasi-coherent sheaves" on the 
quantized flag manifold which is a "non-commutative projective 
scheme". The notations B(;, Oq^ have only symbolical meaning. 

3.5. Using Lusztig's Frobenius homomorphism fll.3ip we will relate 
the quantized flag manifold with the ordinary flag manifold B = 
B~\G. Taking the dual Hopf algebras in f ll.3ip we obtain an injective 
homomorphism C[G] — )■ of Hopf algebras. Moreover, its image is 
contained in the center of (see Lusztig [19j). We will regard C[G] 
as a central Hopf subalgebra of in the following. Setting 

A, e C[G] I ^{ng) = ^{g) {n e , g e G)}, 

Ai(A) ={ip e A, I cfitg) = exitMg) (t e H, g e G)} (A g A+) 

we have a A-graded algebra 

^ = ^i(A). 

AeA+ 

We have a left G-module structure of Ai given by 

{x(p){g) = ip{gx) {if e Ai,x,g e G). 

In particular, Ai is a [/ (0)-module. Moreover, for each A G A"*", Ai{X) is 
a f/(0)-submodule of Ai which is an irreducible highest weight module 
with highest weight A. For A G A"*" and ^ G A we set 

A,{\)^ = {ipe A(A) I hip = ^h)^ (h G [))}. 

For A, /i G A+ the canonical map 

Ai{X)0Ai{fi) v4i(A + /i) 

induced by the multiplication of Ai is surjective since it is a non-trivial 
homomorphism of [/(0)-modules into an irreducible module. 
Regarding C[G] as a subalgebra of G^ we have 

Ai=A^nC[G], Ai{X) = A^{iX)nC[G], 

Proposition 3.7. is finitely generated as an Ai-module. 
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Proof. For i e I set 
Then the natural maps 

induced by the multiphcations of and Ai respectively are surjective. 
Here the tensor product is defined with respect to some fixed ordering 
of /. Since Ai is a central subalgebra of A^, it is sufficient to show 
that A(^^i is a finitely generated Ai^j-module for any i & I. Set A^^] = 
@^^QAt^{inwi). Since A(;^i is generated by ^^^^A(;{nwi) as an A^^]- 

module, it is sufficient to show that A^^] is a finitely generated j- 
module. Assume we could show 

(3.25) Ai{wi)Ac;{imwi) = A^{i{m + 

for some m > 0. Then for any n ^ m we have 

Ai{wi)A(^{inzui) = Ai{zui) A(^{imzui) A(^{£{n — m)zui) 

=A(;{i{m + l)wi)At^{i{n - m)wi) = v4^(£(n + l)zui), 

and hence 

Ai{kzui)A(^{mizui) = A^(^(m + k)wi). 

This implies that A^^\ is generated by 0^=o ^c(^'^^j)- Hence it is 
sufficient to show fl3.25p . 

Set Aj- = A+ n Y^j^i ^"i and = © 0«eA+ 0a- We denote by 
Pjj the parabolic subgroup of G with Lie algebra pj. We also denote by 
t/^'" the subalgebra of f/^ generated by and e^"'' for j ^ i,n ^ 0. 

We define a Hopf algebra as the image of the composite of — > 
Homc(f/^,C) — )► Homc(f/^''*, C). For a Hopf algebra H we denote by 
Comod(if) the category of right if-comodules. We have functors 

r : Comod(Cj) ^ Comod(C=°), 
r' : Comod(C[Pj]) ^ Comod(C=°) 

such that r{N) = N and r'{N') = N' as vector spaces and the left 
[/^'=°-actions on r(N) and r'(N') are given by the algebra homomor- 
phisms 



respectively. 
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Let m > 0. Denote by M the kernel of the homomorphism Aiiwi) — )■ 
C^. of f/(p(()-modules. Then we have an exact sequence 

^ r'(M ® C„„J r\A^{wi)) ® ^ 

of right C^r'^-comodules. Applying the induction functor 

Ind : Comod(C=°) ^ Comod(Q) 
(see [1]) to this exact sequence we obtain an exact sequence 

Ai{wi) ® A^{imwi) A^{i{m + Ind(r'(M ® C„^J) 

of right C^-comodules. By 

dim}iomjjL{Ai{zxji) ® A(;{imzui), A(;{i{m + l)zui)) = 1 

the map Ai{zui) ® Ac_{(imwi) — >■ A^{(i{m + in the above exact 

sequence coincides with the one given by the multiplication in up 
to a non-zero constant multiple. Hence it is sufficient to show that 
for any finite-dimensional right C[Pjj]-comodule there exists some 
m > such that Ind(r'(A^ ® CmroJ) = 0. We may assume that N 
is irreducible. Hence it is sufficient to show R^ Ind(r'(A'^i)) = for the 
irreducible f/(p||)-module Ni with highest weight A G A+. Note that 
we have natural induction functors 

Indi : Comod(C=°) ^ Comod(Cj), Inda : Comod(Cj) ^ Comod(Cc) 

such that Ind = Ind2 oindi (see p^]). By the Frobenius splitting theo- 
rem of Kumar-Littelmann [TB] r'{Ni) is a direct summand of r(Indi(C^A)) 
Hence it is sufficient to show i?^ Ind(r(Indi(C£A)) = 0. By a standard 
fact on induction functors we have Indi(r(Indi(QA))) = Indi(QA) and 
/?^Indi(r(Indi(QA))) = for i > 0. Moreover, i?^Indi(QA) = for 
z > by (a relative version of) the Kempf type vanishing theorem (|22j. 
[26] . see also [I], [2], [H], [I5]). Hence we obtain 

Ind(r(Indi(QA))) = R^ Ind2(Indi(QA)) = R^ Ind(QA) = 
again by the Kempf type vanishing theorem. □ 

Since Ai is a noetherian ring, we obtain from Proposition 13.71 the 
following. 

Proposition 3.8. is a left and right noetherian ring. 

Note that the A-graded algebra Ai is the homogeneous coordinate 
algebra of the projective variety B = B~\G. Hence we have an identi- 
fication 



(3.26) 



Mod{Os)=CiA^,A,) 



QUANTIZED FLAG MANIFOLDS 



29 



of abelian categories, where Mod^Oe) denotes the category of quasi- 
coherent Og-modules on the ordinary flag manifold B. We set 

(3.27) cuts* = cuiAi, Ai), : Mod(CB) ModA(Ai). 

For A G A we denote by Ob (A) G Mod{OB) the invertible G-equivariant 
Oe-module corresponding to A. Then under the identification (13.261) 
we have 

co6*M = r(i3, M OtsiX)) (M e Mod(OH)), 
AeA 

where T{B, ) : Mod(CB) — t- C is the global section functor for the 
algebraic variety B. In particular, the functor T(^Ai,Ai) '■ Mod^Oe) — )■ 
Mod(C) is identified with r{B, ). 
For w E W we set 

e^= U (Ai(A)^-i,\{o})c A. 

AeA+ 

Then is a multiplicative subset of the commutative ring Ai, and 
the localization Q~^Ai turns out to be a A-graded C-algebra. More- 
over, the C-algebra (6^^y4i)(0) is naturally regarded as the coordinate 
algebra of the afiine open subset Bw '■= B^\B~ N~^w of B. We denote 
by Mod((9e^) the category of quasi-coherent Og^-modules. We have 
Mod(OB„) = Mod((e-iAi)(0)). The functor 

j: : Mod(OB) ^ Mod(OBj 

induced by 

ModA(A) ^ Mod{ie-'A,)iO)) (M ^ {Q-'A, M)(0)) 

is nothing but the inverse image functor with respect to the embedding 
jnj -.Bw-^B. 

3.6. For a A-graded C-algebra B we define a new A-graded C-algebra 
by 

B^'\\) = B{^\) (AG A). 

Let 

(3.28) ( )(') : ModA(5) ^ ModA(5(^)) 
be the exact functor given by 

M^^\X) = M{iX) (AG A) 



for M G ModA(5). 
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Lemma 3.9. Let B be a A-graded C-algebra. Assume that we are given 
a homomorphism l : ^ B of A-graded C-algebras. We denote by 
: Ai — 7- B^^^ the induced homomorphism of A-graded C-algebras. 
Assume 

i{A^{\))B{f,) = B{fxXA^{\)) (A, ^ G A), 
.'(Ai(A))i?(^)(/i) = i?W(/i).'(Ai(A)) (A,/x G A). 
Then the exact functor 

( : ModA(5) ^ ModA(5(^)) 
induces an equivalence 

(3.29) Fr, : C(A^,5) ^C(Ai,5W) 
of abelian categories. Moreover, we have 

(3.30) uj{Ai, 5^^)), o Fr, = ( o a;(A^, S),. 

Proof. For simplicity we write u{A(;,B)*, u{Ai, B'-^^)*, u{A(^,B)^, 
uj{Ai, B^^^)^ as cj*, UJ2, oju, ^2* respectively. 

By Proposition 13.71 we see easily that for any A G A"*" there exists 
some /i G A+ such that At;{i')Ai{X) = At^iiX + u) for u G /i + A+. From 
this we obtain 

(3.31) (Tor(M))(^) = Tor(M(^)) (M G ModA(5)). 

Hence M G TorA+(A(;,5) implies M^^^ G TorA+(Ai, 5^^)). It follows 
that we have a well-defined functor Fr^: : C(y4^,i?) — )■ C(y4i, 5*^^^) sat- 
isfying Fr* o cj* = o ( ) . We see easily that 

{B (^sw Nf^ (iV G ModA(5(^))). 

Hence we have 

(Fr, o ujI){B AT) = uj;{{B A^)^) = u;2*(Ar) 

for any A^ G ModA(-B^^''). It follows that Fr^. is a dense functor. Let us 
show that 

Hom(w*M, w*A^) -> Hom(u;2*(M(^)),^(A^(^))) 

is bijective for any M, A^ G ModA(5). By {B M^^^ f^^ = M^^^ we 
see easily that the canonical morphism B M^^'^ — ?► M belongs to 
E(A^, B), that is, ujI{B O^w ^^^^) = ^{M. Hence we have 

Hom(a;*M, A^) ^ Hom(cj*(5 M(^)),a;iA^) 
= Hom(5 M^^\ujuujIN) = Rom{M^^\ (oouloINY^^). 
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On the other hand we have 

(iVW)). 

Therefore, it is sufficient to show 

(3.32) {oouOoINY'^ ^ U2M{N^'^) 

(note that (13.321) is equivalent to (I3.30p ). We may assume that N = 
B P for some P e ModA(5W). We may further assume that 
102*102^ = P. Hence it is sufficient to show for P G ModA(-B^^-') satis- 
fying U2*oj;P = P that P = {uuOjKB P))W. Since the canonical 
morphism B (^^w P — ?■ ui^uKB (85(f) P) belongs to T,{A^,B), the 
corresponding morphism f : P (tUi^tuKB P)Y^^ belongs to 

T,{Ai, B^^'>). By uj2*(jJ2P = -P we see that / is injective and its cokernel 
is isomorphic to a sub module of {ijJi^ujI{B P)Y^\ By 

Tot{{ujuuI{B ®5(,) P))(^)) = (Tor(u;i,u;*(5 P))f^ = 

we obtain Coker(/) = 0. It follows that / is an isomorphism. □ 

The following fact is concerned with ordinary (commutative) projec- 
tive algebraic geometry and its proof is straightforward. Details are 
omitted. 

Lemma 3.10. Let F be a \-graded C-algebra, and let Ai ^ F he 
a homomorphism of A-graded C-algebras. Assume that Im(Ai — )■ F) 
is central in F. Regard F as an object of ModA(^i) and consider 
UqF G Mod((96). Then the multiplication of F induces an O^-algebra 
structure ofu'^F, and we have an identification 

(3.33) C{Ai, F) = Mod{uj*sF), 

of abelian categories, where Mod(co'^F) denotes the category of quasi- 
coherent uj^F-modules. Moreover, under the identification (I3.33P we 
have 

r(Ai,F)(M) = r(i3, M) G Mod(F(0)) (M G Mod(a;;F)). 

We define an Cg-algebra Fr^O^^ by 

Fr,OB,=ujl{Af). 

We denote by Mod(Fr*(9B^) the category of quasi-coherent Ft^^Oq^- 
modules. By Lemma 13.91 and Lemma 13.101 we have the following. 

Lemma 3.11. We have an equivalence 

Fr, : Mod(CBj -> Mod(Fr,OeJ 
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of abelian categories. Moreover, for M G Mod(06^) we have 

R'T{M) ~ i?T(i3,Fr,(M)), 

where T{B, ) : Mod((9B) Mod(C) in the right side is the global 
section functor for B. 

Proposition 3.12. (0~M^)(O) is a free {Q^^Ai){0) -module of rank 
Here e is the identity element of W . Hence the restriction 
jlFr^Os^ of Fr^^Os^ to Be = B~\B~N~^ is a free Os^-module of rank 

£|A+|_ 



Proof. Denote by 
the composite of 



Then g is an algebra homomorphism with respect to the multiphcation 
of (C/^'=°)* induced by the comultiphcation of C/^'=°. Set 

and identify (f/^'^)* with a subspace of (t/^'^")* by the embedding 

3ip^^e {U^'=y given by 

(f{hx) = e{h)(p{x) {h G U^'^x G U^'^). 
For A G A define algebra homomorphism xx '■ U^'~^ — > C by 

Xxihx) = xx{h)e{x) (h G U^'',x G U^^+). 
Then for ip G {U^'~^)'*^ and A G A we have 

{^Xx){hx) = XxihMx) {h G U^'',xe U^'-^). 
Moreover, {U^''^)^ is a subalgebra of {U^'~'^y, and 
XxXn = Xx+i, (A,/iGA), 
XA<^ = C^''^W (AGA,(^G(C/i:;+r) 



in the algebra (C/f''-^)*. In particular, 



XeA 
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is a subalgebra of (f/^'~°)*. By f l3.12p g induces an injective algebra 
homomorphism 

For {p G A(^{X)x \ {0} we have g'{^p) G Cxx \ {0}, and hence g' induces 
an injective algebra homomorphism 

Let us show that g" is surjective. It is sufficient to show that for any 
7 G Q+ there exists A G A+ such that g'{A^{X)x-^) = {U^;^yxx- This 
is a consequence of the injectivity of U^'^ 3 u ^ u E A)_a+7 
for sufficiently large A (see for example j24L Lemma 2.1]). Hence g" is 
an isomorphism. 

Similarly to the above argument the natural algebra homomorphism 

g,:A,^ {U{b+)r 
induces an algebra isomorphism 

g'i : Q-'A, ^ (f/(b+))*, 

where 

{U{h^Y = 0(t^(n+))*Xi,A, 

AeA 

(f/K))* = (t^(n+),)*, 

Xi,xihx) = (A, h)e{x) {XeA,he f/(fi), x G f/(n+)). 
Moreover, we have the following commutative diagram 

e-Mi (f/(b+))* 

9 

where Q~^Ai — t- Q^^A(^ is the embedding induced from the inclusion 
Ai C A^, and (f/(b^))* — > (f/^'"")* is the injective algebra homomor- 
phism induced by the restriction of flL31l) . Restricting to the degree 
zero part we obtain algebra isomorphisms 

(0;^^C)(O) ^ (f/f'^)*, (0;'A)(O) ^ ([/(n+))* 
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and the commutative diagram 

(e-Mi)(0) (f/(n+))* 

9 

Define a linear map F : S{U-) (f/^^'-°)* by {F{y)){z) = ^T{z,y) 
for y G S{U^) and 2; G U^'~'^. Then we see easily that F is an injective 
algebra homomorphism whose image is Hence we can identify 

the algebra (f/^'"*")* with S{U^). Under this identification the image of 
(t/(n^))* — )■ {U^'^)^ coincides with the subalgebra of S{U^) generated 
by the central elements S{f^.) {j = 1, . . . , N). Hence our assertion is 
clear from Lemma ll.4[ □ 

4. Ring of differential operators 
4.1. We define a subalgebra Df of EndF(y4F) by 

-Df = {i^, r^, du, cta I G v4f, u G f/F, A G A), 

where 

for ?/) G Ap{fi). We have a natural grading 

= D^{X), 
AeA+ 

Dp(A) = {$GDF|'^(^F(/i))cAF(A + /i) (/iGA)} (AG A) 
of Df. We have 

(u) 

du(Tx =(y\du {u eUf,\ e A), 

(Txi^ =q^^'^h^(yx (A G A, G Av{^i)). 

We have also 

(4.1) z G ZiUf ), i{z) = «Ae(2A) =^ d, = Y. 

aga aga 
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We take bases {xp}p and {yp}p of Up and respectively and ele- 
ments /3p G for each p such that 

(4-2) Xp G Uf^i^^, Up G Uy^_p^, 

(4.3) ''"(^^pu I/P2) ~ ^pi,P2- 

Lemma 4.1. Let A G A+ and ^ G A. For G v4f(A)5 we /iave 

(4.4) r^ = J2 ^y,-vd^,k-^ax = ksx,)-^dy,kp^k^(^-x- 

p p 

Proof. The first equality is shown in [24^ Lemma 5.1] by the following 
argument. Let 7^ G Uf<§)Uf be the universal i?-matrix. Then we have 

(r^(V^), m) = {ipif, u) = {i)® ^, A(m)) = {ip®^^ r{A{u))) 

={m{n~^ -{if®^) ■n),u) 

for ip,ip E Af and u G Up. Here r : U^®U^ U^®Uf is the linear map 
sending a®b to b® a. Hence we obtain r^pi^ip) = m{lZ~^ ■ {ip ® ip) ■ IZ) . 
By rewriting it using an explicit form of TZ we obtain the first equality 
in (14.41) . Applying the same argument to another i?- matrix t{TZ^^) we 
also obtain the second equality in (14. 4p . Details are omitted. □ 

Set 

(4.5) Ev = A¥®U¥®¥[K\, 

and regard Af, f/p, F[A] as subspaces of Ef by the natural embeddings 
Af 3 ^ ip®l®l E Ef e.t.c. Then we have an F-algebra structure of 
Ef such that the natural embeddings Af — )■ Ef, Ur — )■ Ef, F[A] — )■ E^ 
are algebra homomorphisms, and 

=^(m(o) ■ v5)m(i) {u e Uf,ip e Af), 

{u) 

ue{X) =e{X)u [u G f/p, A G A), 

e{X)ip =q^^'^'^ipe{\) (A G A, ^ G ^^(/x)) 

in E^. Moreover, we have a surjective algebra homomorphism E^ — )■ Df 
given by £^ (v9 G Ap), duiuE Uf), e(A) ^-^ aA (A G A). 
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For v9 G Af(A)5 with A G A+, ^ G A we set 

(4.6) = ^{Vp ■ ^)x.pk_^e{X) G -Ep, 

p 

(4.7) n2(<^) = ^{{Sxp) ■ ^)ypkpk^e{-\) G Ep, 

p 

(4.8) fi((/^) = ^]l(^)-^]2(^) e^F- 

We extend i^i, to whole Ay by hnearity. By Lemma WA\ we have 
fi((/?) G Ker(EF ^ /^f)- We set 

= Ef/ EYn{^)Er. 

Then we have a sequence of surjective algebra homomorphisms 

(4.9) Ey^D'^^ Dy. 

Lemma 4.2. For ip e Af(A) with A G A+ and i = 1,2 we have 

(4.10) e(/i)a(<^) = g("'^^a(<^)e(/i) (/i G A), 

(4.11) ijQii^) = ni{^)ij ii^eAf), 

(4.12) uQi{ip) = ^fii(M(i) ■ v5)m(o) (m e ^/f), 

(«) 

(4.13) Qi{if^) = Qi{^)Qi{if) (v9,^gAf) 
m i^F- 

Proof. We will only give a proof for the case i = 1. The proof for the 
case i = 2 is similar. The proof of fl4.10p is easy and omitted. 
Let us show (14.111) . Let Lp G y4F(A)^, ip G Af{fi)j^. By the formula 

(4. 14) ^ AXp (g) l/p = ^ Xpkp^ ^Xr® VpVr 

p Pi'' 
(see |23l (4.3.16)]) we have 

^i(v5)^ = ^iVp ■ v)xpk-^e{\)ilj 
p 

= qix,,)-i^,v) J2{yp . ^)xp^k^^e{X) 
p 

= J2(y^y,^. . ^)(xpk^^ ■ ^)Xrk_^e{X) 

p,r 
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By Lemma [4.11 we have 

p 

= ^r^^.^{ypyr ■ if) 
p 

p,s 
p,s 
p,s 

By the formula 

(4.15) V S{Xpki3^)Xr ^ypyr= \ !^ / nl 

which is a consequence of (14.141) and m o [S ^ 1) o A = e, we obtain 

J^iypyr ■ ^)i^p ■ i^) = g-('''^)+('''«'^'V(2/. ■ ^)- 
p 

It follows that 

r 

The formula (14. lip is verified. 

Let us show (I4.12p . It is sufficient to consider the three cases; u G U^, 
u G , u G Uy ■ Let ip G A]f(A)^. For m G ^/f we have 

uVti{ip) = ^(m(o)2/p ■ ip)u^i)Xpk_^e{\) 
p.(«) 

and 

• V^)^^(o) 

(u) 

)e(A)M(o) 

= ^ g-(€+«t(«(i))'«t(«(o)))(2/^«(,) . ^)x,W(o)A:_5_.t(.(,))e(A). 
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Hence our assertion is equivalent to 



(4.16) ^'^"^ 



Here, we have used the following notation. For m G f/p such that 
for any z/ G A we write /i = wt('u). Moreover, in the 
expansion Am = ""(o) ® "^^(1) the elements M(o) and U{i) are taken 
to be weight vectors. The proof of (14.161) in the case m G f/p is easy 
and omitted. Let us consider the case u G . By Lemma 11.21 and the 
formula 



(4.17) ^ AaXp (g) ?/p = ^ Xpkp^^p^ ® Xr-k^^ (g) ® ypUrVs, 
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which is a consequence of (14.141) we have 
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- ("(0)1/P ■ I X] 1"(a;p(0),'^M(l))7-(a;p(2),M(3))Xp(i)M(2) 

- X T{Xpkf}^+i3^,SU(^i))T{Xs,U(3)){U(^o)ypyrys ■ f)Xrki3,U(^2) 
p,r,s,{u)s 

p,r,s,{u)3 
r,s,(u)3 

(U(o)(5'M(i))A;„t(«(o))+wt(«(i))l/rZ/s ■ V)Xrkl5^U(2) 

:^(?/,.U(i)A;_„t(«(o)) ■ V^)a;rfc-wt(«(i))M(o) 

r,(M) 



The formula (14.161) for m G f/p is shown. Let us consider the case 
u G . By Lemma 11.21 and the formula 



^ Xp (g) Aa^/p = ^ x.x^Xp (g) ?/p (g) Vrk^pj, ® Vsk-p^^p,, 
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which is shown similarly to fl4.17p we have 



= ^("(0)>l/p{0))^(M(2),^Z/p(2))(yp(l)M(l) ■ ¥')M(3)a;p 

= T{u(^o),yp)T'iU(2),S{ysk_(}^^i3^)){yrk^l3^U(i) ■ (^)U(^3)XsXrXp 

p,r,s,(u)3 

p,r,s,{u)3 

r((S'"^M(2))/i;„t(„(2))+wt(«(3)),l/s)(l/r/^-/3p^i(l) ■ '^)U(^3)XsXrXp 

= g-(-t(-(o))+/5'-'-t(-(2))+-t(-(3)))(^,A;_^t(«(o))«(i) 

U{3)iS ^'U(2))A;„t(ji(2))+wt(u(3))a;rM(0)^-wt(«(i))-wt(«{2))-wt{u(3)) 
-wt(M(o))'^^(l) ■ V^)3;rM(0)^-wt(«(i)) 

r,(M) 
r,(?i) 

The formula fl4.16p for u G is also shown. 

Let us finally show (14.131) . We may assume (p G Air(A)^ and ip ^ 
A^{fi)rj for A,/i G A^,^,?] G A. Then we have 

= 5Z(^p(o) ■ <^)(?/p(i) ■ ^)a;pfc-(g+r,)e(A + /i) 
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On the other hand we have 



p 

p,r 

^q'^^^'^^Kvp ■ ^)iyr ■ i>)xrXpk_(^^+^)e{X + jS). 



p,r 

We are done. □ 
By Lemma [4.21 we have 

We have a A- graded F-algebra structure of Er given hj Ev{X) = 
Af{X)U¥¥[A] for A G A. This also induces A- graded F-algebra struc- 
ture of D'f by -Dp (A) = Im(i?F(A) — )■ D'^). Then (14.91) is a sequence of 
homomorphisms of A-graded algebras. 

4.2. Since Af belongs to Modint{Uf) as a f/p-module, we have a nat- 
ural group homomorphism 

(4.18) 1 ^ EndplAp)''. 
It induces a group homomorphism 

(4.19) M^AutaigiDf) (T [$ T^<l> := To$ oT^i]) 

(see [231, Proposition 5.2]). We will show that this naturally lifts to 
group homomorphisms 

B ^ Aut„i, (Ef) , B ^ Aut„i, (D^) . 
Lemma 4.3. (i) For T eM we have 

T-kdu = dT{u) (ueUf), 
T^ax = ax (A G A), 
(ii) For i & I write 



expg.((gi - ^)k^ ® fiki) = 0^,^ (g) 6^,^, 

n=0 

00 

expg-i (-(g^ - q^^)fi ® Ci) = ^ < „ ® b[„. 



n=0 
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Then for ip & we have 

oo 

Ti-ki^ = J^^a,,„.(T,(v:.))5fe,,„, 
n=0 
oo 

n=0 

Proof. The proof of (i) is easy and omitted. Let us show (ii). In 
general for T G IB and G v4f we have 

(T ^ Qi^) = ■ T~\^)) = Tm{^ ® T-\i;)) 

=m{AT){^ ® T~\tP)) = m{AT){T-^ ® T-^){T{^) ® ^). 

Hence the assertion follows from Lemma 12. 2[ □ 

In particular, the action of B on preserves the subalgebra 

We first define an action of B on the subalgebra Ef = Af ^ Uf of Ef. 
For $ = J2i ^i^UiE eI and M G Modint{Uf) we define 

$Af : M ® M 

by $m(^) = J2i fi ® ^ -By [13 5.11] we have the follow- 

ing. 

Lemma 4.4. Lei $ G -Ep. //$m = for any M G ModintiUw), then 
we have $ = 0. 

Proposition 4.5. There exists a group homomorphism 

B ^ Autai<,(4) (T ^ [$ ^ T * $]) 

snc/i t/iflt (T^$)Af = (AT)$A/T~i /orT G B, $ G M G Modi„t(f/F). 
i/ere, AT : ® M -> ® M zs t/ie acizon o/ T G B on Af ® M G 

Modi,f(f/F). 

Proof. We first note the following formula whose proof is easy and 

omitted; 

(4.20) 

(<^^)m = (m ® l)<l>A,55M^Af eEl,M e ModintiU^)). 

Let T G B. For $ G -Ep there exists at most one T-k^ G -Ep satisfying 
(T*$)m = (AT)$mT-^ for any M G Modi„t([/F) (see Lemma 1131). 
We claim that if exists for any $ G -Ep, then EjJ. 9 $ G 
is an algebra homomorphism. We have 

(T * 1)m{v) = {AT)1mT-\v) = (AT)(1 ® T-i(t;)) = 1 ® t; 
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for any f G M G ModintiUf). Here the last equality is a consequence 
of F ® M = M as a t/F-module. By iMiv) = 1 (g) v we obtain T ^ 1 = 1 
by Lemma [4.41 For $, G we have 

((T^<I>)(T*^))m = (m® 1)(T*$)a^m(T*^)m 
= (m ® 1)(A2T)<I'a^m(AT)-1(AT)^mT-i 
= (AT)(m® l)<l>A«Af^AfT-i = (AT)($^)mT-i = (T^(<I>^))m 

for any M G Modmt(f/F). Here, we used the fact that the multiplication 
m : ® — )■ y4]f is a homomorphism of f/p-modules. Hence we have 
(T ^ <I>)(T ^) = T ★ ($^). Our claim is verified. 

Let T, T' G 1, and assume that T $, T' $ exist for any $ G -Ep. 
Then we have 

(T*(r*$))M = (AT)(AT')$Af(T')"^r-i = ^{TT')^m{TT')-^ 

for $ G -Ep, M G Modi„i([/F). Hence {TV) i< $ exists and we have 
{TV) ^ $ = T * (T' ^ $) for any $ G 

It remains to show the existence oiT -k^ for T = T^^, $ G -E^. For 
$ = (y9®-uG-Ep (v^G Ay, u G f/p) we have 

((AT,)$MTri)(t;) = (Ar,)(v9®M7^r'^) 
= (AT,)(T~i ® Tr')mip) ® T,{u)v) 



M 



for t> G M G Modmt(f/F)- Hence we obtain 

n 

Similarly, we have 

n 

We are done. □ 

Lemma 4.6. {S)Ti.u = T{u) (TgB, wGf/F). 
(ii) Ti^(f = Y,n ^i,n ■ Ti {ip) (g) 6i,„ {i e I, ip e Af ). 
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Proof. For T e M, u e Uw, v e M e Modint{Uv) we have 

{T^u)m{v) = {AT)umT-\v) = {AT){l®uT-\v)) 

=1 ® TuT-^v = 1 ® T{u)v = {T{u))Miv). 

Hence (i) holds. The statements (ii) and (iii) are aheady shown in the 
proof of Proposition 14.51 □ 

By Lemma [4.61 we have 

T*(Af(A) ® f/p) = Af(A) ® t/p (AgA+). 

Hence, for T G B the algebra automorphism T -k (■) : is 
naturally extended to that of Ef by setting 

T^e(/i) = e(/i) (/ieA). 

By this we obtain a group homomorphism 

(4.21) M^Aut^igiEf) (Th^ [$h^T^<l>]). 

Proposition 4.7. For T eM we have 

T^Ker{Ef D'^) C Kei{Ev D'^). 

Proof. It is sufficient to show 

for T = Tt\ ^ G Af. 

In general, for ip G Af{\)^, we write 

^'M = ^iVp ■ e El, 



p 

^2(</2) = "^{{Sxp) ■ <^)ypk^^k^ G eI 
p 

Let M, M' G Modj„i(f/F)- We define a linear automorphism km,m' of 
M^M' by km.m'Ima^m;, = g'-'^'^^ id for A, /x G A. We also define a linear 
isomorphism t^.m' : M ® M' — )• M' ® M hy tm,m' (f ® f ') = v' <S)v. Set 

if ° (^XI ® e EndF(M ® M'). 

Then TZm,m' is invertible and we have 

^M,Af' = I q^^^'^^'^Sxp ® kp^Vp ) o KM,M' e EndF(M ® M'). 
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Moreover, we have 

(4.22) (A'M)7^Af,M' = 7^M,M'(Aw) e EndF(M ® M') {u G f/p), 

where A' : t/p — )■ f/p ® Uy is the opposite comultiphcation given by 
A' = ro A with T{a®h) = h®a (see, for example, ^1 2.2]). By KTD^ 
we have 

(4.23) {A'T)nM,M' = 7^M,M'(AT) G EndF(M ® M') (T G B), 

where A'T = r^^j,,^, o AT o Tm,m'- 

Let (f G Af(A)^ and f G M G ModintiU^) ■ By the definition we see 
easily that 

(4.24) n^l^{^^v) = n',{ip)M{v). 

Hence we have 

=n-^l,,iA'T){v ® T-'v) = n-^l,,{A'T){T-' ® T-i)(T^ ® v) 

for any T G B. For T = T^^^ we can write {AT){T-^ ® T'^) = 
J2n ^ri ® dn for c„, d„ G f/p (see Lemma [221) , and hence 

(T ^ fi'2(^))Af(t^) = ^A;,Af(E ^" ■ ^(^) ® C"^) 

= X] ^2(c^n ■ T(v9))Af(c„t;) = I ^ Jl2(c^n ■ T{Lp))Cn | (t^)- 
n \ n J M 

It follows that 

(4.25) T*^]'2(^) = 5^^]^(^/„ ■ r(¥;))c„ (T = 7;±i). 

For M, M' G Modi„t(f/F) define 7^^,M' ^ EndF(M®M') by 7^^/,M' = 
''''MM' ° T^M',M o tm,m'- Then by a similar argument as above using 

(4.26) {AT)n'^,,,, = n',,^M'i^'T) G EndF(M ® M') (T G B), 

(4.27) (n^,M)"'(v5 ® ^) = f^'i(<^)Af (t^) (<^ e Af(A)5, ^; G M) 
we obtain 

(4.28) T^Q[{y^) = Y^^'iidn ■ T{v))cn (T = Tt'). 

n 

By fl4:25|) . fOSD we finally obtain 

(4.29) T*^](^) = 5^^](rf„•T((^))c„ (T = 7;±\ G Ap). 

n 

We are done. □ 
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We see from Proposition 14.71 that (14.211) induces a group homomor- 
phism 

(4.30) B ^ AutaigiD'f) (T [$ ^ T * $]). 

Note that ^M) and KM are natural hfts of (ICTl) by Lemma |41 

4.3. Set 

= {^v, r^, du, (Ta I V5 e v4a, M e f/A, A G A)A-alg C Df. 

We have a canonical embedding 

Da ^ EndA(AA). 

Recall that we have fixed F-bases {xp}p and {yp}p of Uf and ?7p re- 
spectively and (3p G Q"*" for each p satisfying (14.21) . (14.31) . By lemma fT75l 
we can renormalize them in the following two manners; 

(a) {xp}p and {yp}p are A-bases of U^'~^ and respectively, 

(b) {xp}p and {yp}p are A-bases of and U^'^ respectively. 
In particular, we have 

= {^^, du, ax \ ^ e Aa,u e Ua, \ ^ A)A-aig C Df 

by Lemma Hm In the case (a) (resp. (b)) we write {xp}p and {yp}p as 
above as {Xp}p and {yp}p (resp. {xp}p and {yp}p). 
Define an A-subalgebra E'a of Ef by 

Ea = AaUaA[A] (= Aa ®a Ua ®a A[A]), 

and set 

D'j, = lm{EA ^ D'^) C 
For ip G y4A(A)g with A G A^, ,^ G A we have 

= ■ ^)a;p/^-5e(A) G Ea, 

^2(¥') = ^((5Xp) ■ if)ypkp^k^e{-\) G ^a, 

and hence f^((/5) G Ea- It follows that 

Z^; = EaI J2 EAni^)EA = Ea/ J2 ^Af^(<^)t/AA[A]. 

Note that Ea, D'p^, Da are A-graded A-algebras by 

Ea(A) = EfiX)nEA, D'^{\) = D'^i\)nDl DAiX) = Df{X)nDA 

for A G A+. We have a sequence 

Ea^D'^^ Da 
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of surjective homomorphisms of A-graded A-algebras. 

The braid group actions on E^, D'^, induces those on -D^, 
Z^A- Namely we have group homomorphisms 

(4.31) B ^ Aut,,3(EA), kniaig{D'^), ^ ^ kntaig{Dt,) 
denoted by T ^ [$ ^ T * $]. 

4.4. We set 
Then we have 

(4.32) E^ = A^0U^^ C[A] 

(4.33) D[ = EJ J2 EM^)Ec = EJ ^ A^n{^)U^C[k]. 

We have a sequence 

(4.34) E^^ 

of surjective homomorphisms of A-graded C-algebras. By f ll.23p . f ll.32p . 
(14. ip we have 

(4.35) Z G Zuar (t/c), 6(^) = 5^a,e(2A) =^ 9, = 

A£A AgA 

in Dc^. 

Remark 4.8. The natural algebra homomorphism — )■ Endc(^f) is 
not injective. 

The actions of B on E^^ D'^, Dj^ induce the group homomorphisms 

(4.36) B ^ Aut,;,(E^), B ^ Aut,,,(D^), B ^ Aut,i,(D^) 

denoted by T ^ [$ ^ T * $]. 

We have natural algebra homomorphisms 

(4.37) Ai E^, Ai Ai -> 
induced by f l4.34p and the embedding 

C = (g) 1 (g) 1 C ® f/^ (g) C[A] = Et;. 

Note that the images of (14.370 are contained in the center. 

Lemma 4.9. Identify 6^ for x E W as a subset of Ec^ via fl4.37p . Then 
we have -k 9^ = 6^^- for w eW and i E I such that wsi > w with 
respect to the standard partial order. 
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Proof. Note that for A G A+ we have T~^{A(^{X)^~ix) = A(;{X)s^^-ix. 
By our assumption on w and i we have {siW~^X, a^) ^ 0, and hence we 
obtain from Lemma that Tj^-^-kip = T^'^{{p) for any ip G y4(^(A)u,-iA. 

□ 

Let w G W. By Lemma 14.91 we have T^-i -k Q^, = 0^. Hence the 
algebra automorphisms 

induce isomorphisms 

of A-graded algebras. 
For w & W set 

0^= U (Ac(AU-ia\{0}). 
AeA+ 

It is a multiplicative subset of A^. Moreover, for any s G we have 
G 0^. Hence if we are given a ring homomorphism A(^ ^ R such 
that the image of Ai is contained in the center of i?, then the image of 
Qyj in R satisfies the left and right Ore conditions. Moreover, in this 
situation we have 0^^-R = Q~^R. In particular, we have 

Proposition 4.10. We have a natural -module structure ofQ~^A(^ 
such that A(^ 0^7^^^ is a homomorphism of U^-modules and 

(u) 

Moreover, for any A G A we have 

(0;Mc)(A) = M!^(A). 

as a -module. 

Proof. It is not difficult to deduce our assertion from the correspond- 
ing fact over F, which is shown in [2H Proposition 4.3, Proposition 4.6]. 
Details are omitted. □ 

Denote by 

3 : Q:^E^ ^ Q-'D[ 
the canonical algebra homomorphism. 
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Proposition 4.11. Let A e A+ and 7 e Q^. For e A^(A)a-7 ^'^^ 
s G y4(^(A)A \ {0} we have 



Proof. By Lemma [4.21 we have algebra anti-homomorphisms 

(4.38) VLi:A(^^D[ (« = 1,2) 
as the composite of 

By the definition of D'^ we have Vti = For ip G A(^{X)x with A G A+ 

we have ^2{'4') = k\e{—\)il) by definition. Hence fl4.38p induces an 
anti-homomorphism 

(4.39) e-m, = Q^m^ : e;^^^ ^ q;'d'^ 

of A-graded algebras. 
For X G U^'~^ we have 

e{x)l = X ■ 1 = X ■ (s^^s) = ^^(a;(o) ■ ■ s) 

(x) 

(x) 

and hence x ■ = e{x)s~^. Therefore 

={{Sx'p) ■ m-P. ■ s-') = C^'^'^\{Sx',) ■ ^)s-\ 

By ^2(5) = j{kxe{-\)s) we have j(s"^) = {n2is)y^j{kxe{-\)), and 
hence 

jiiSxi) ■ i^s-')) = C^'^'^biiSxi) ■ ^m2{s)r'j{kxe{-X)) 
=C^'''^\^2{s)r'MSxi)-y.)kxe{-X)) 
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by Lemma [4.2[ Therefore, we have 

p 

p 
p 

={e;'n2)ivs-')j{k,). 

On the other hand we have 

p 

p 

We obtain the desired result by Q^^Qi = Q~^Q2 D 

Considering the case ip = s E Ai{\)x \ {0} in Proposition 14.111 we 
obtain the following. 

Proposition 4.12. Let A e A+. For s e A^(A)a \ {0} we have 

3{k2x) = 3C^s-\y^ ■ s)xA'^X)) 
p 

4.5. The natural embedding Ej^ induces homomorphisms 

Ac^^D'^ {ip^Tp), A^^D^ i^^Q 

of graded C-algebras. We define abelian categories Mod('Dg^), ModiVj^^) 
by 

Mod(P^^) = C{A^, D'^), Mod{Vs,) = C{A^, D^). 
We also define Cg-algebras Fr^V'^^, Ft^Vb^^ by 

Fr^V'j,^ = co*bD'P , Fr^Vts^ = uj^Df . 
By Lemma 13.91 and Lemma 13.101 we have equivalences 

(4.40) Fr, ■ Mod(P^^) ^ Mod(Fr,P^^), 

(4.41) Fr, : Mod(pB-) ^ Mod(Fr,pB ) 
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of abelian categories, where Mod(Fr*r'g^) (resp. Mod^Fr^^Vs^)) denote 
the category of quasi-coherent Fr^^D^^-modules (resp. quasi-coherent 
Fr^^Pg^-modules). Moreover, we have the following. 

Lemma 4.13. For M e Mod{Vs^) we have 

Rr^A„D,)W = R'^il3,Fn{M)) G Mod(Dc(0)), 
where T{B, ) in the right side is the global section functor for B. 

For t E H we define an abelian category Mod(T'g^^() by 

Mod{Vs„t) = ModA,t(Z^c)/(ModA,i(D^) n Tor^+iA^,D^)), 
where ModA,t(-D^) is the full subcategory of ModA(D^) consisting of 

M e ModA(i'c) so that ax\M{^^) = ^A(t)C^^'^^ id for any A,/i e A. Then 
we can regard Mod('DB^ ^) as a full subcategory of Mod('DB^) (see [211 
Lemma 4.6]). Set 

Fr^Vs^^t = Fr^Vts^ ^ciA] Q, 

where Ct denotes the one-dimensional C[A]-module given by e(A) t— )■ 
0\{t) for A G A. The equivalence fl4.4ip induces the equivalence 

(4.42) Fr, : ModiVe^t) ^ Mod{Fr,VB„t), 

where Mod{Fr^:Vs^,t) denotes the category of quasi- coherent Fr^^Vs^^t- 
modules. In particular, for M e Mod{VB^,t) we have 

RT^A^Doi^) = R'^{l3,FrM) G Mod{D^M)^ 
where = ^c(O)/ EAeA^c(0)(^A - 9x{t)). 

5. Center 

5.L Note 



We set 



(5.1) ZEf^ = Ai ®c ZpriUc) ®c C[A] c E^ 

Lemma 5.1. ZE^^^^ is a central suhalgehra of E^^^ . 
Proof. It is easily seen that C[A] is contained in the center of E 



C • 



Hence it is sufficient to show [Ai,?/^] = [A^^\ ZpriUc)] = {0}. Let 
j : ^ be the homomorphism induced by the inclusion Ua d U^. 
Then we have 



'^^ = ^iJiu{o)) ■ <^)m(i) {u eU^,(pe A^) 

(u) 
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in E(^. Moreover, v ■ ip = 7r(f ) ■ ip for v G U^, ip G Ai. Here, vr : 
U (g) is Lusztig's Frobenius morphism. Hence it is sufficient to 
show T{{j{u)) = e{u)l for u E and j{z) ■ ip = e{z){p for z G ZFr{U(^), 
(p E A(^. The ffist statement is easily shown using the generators Cj, fi, 
kx {i E I, X E A) of U(^. Since j preserves the action of the braid group 
B, the second statement is a consequence of the fact that ZpriUo) is 
generated by ef, //, fc^A G /, A G A) and their B-conjugates. □ 

We denote by ZD'f, ZOf the images of ZE[^^ in D'^^^\ of re- 
spectively. We have 

W^ZEf ^ = Ot3 ®C ZpriU^) 8)c C[A] 

= Os ®c C[K] ®c C[H] 

— P*C>t3xKxH, 

where p:BxKxH—>B is the projection. Note that we identify 
ZpriU^) and C[A] with C[K] and C[H] respectively (see ( 04D ). Set 

= u^ZD'f, = uj*jsZDf. 

Then and are central Cg-subalgebras of Ft^Vq^ and Fr^V^^ 
respectively. Moreover, we have a sequence 

of surjective O^-algebra homomorphisms. 
We define a subvariety V oiB x K x H hy 

V = {(5-^, k,t) E B X K X H \ gK{k)g-^ E t^^N-}. 
We denote by 

Pv-V ^B 

the projection. The aim of this section is to prove the following. 
Theorem 5.2. We have 

Z[ = Z^=Pv,Ov. 

5.2. Set 

B =N-\G, 

V ={{N'g,k,t) eBxK xH\ gK{k)g-^ E t^^iV"}. 
Lemma 5.3. V is a connected smooth variety with dimV = 2dimi3. 
Proof. Set 

W = {{N-g,x,t) eBxGxH\ gxg-^ E t'^^N-}, 
y\;0 = {{N-g,x,t) G W I X G N^HN'}. 
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Then W is a fiber bundle over B whose fiber at the origin N~ G i3 is 
isomorphic to H x N~ . Hence W is a smooth connected variety with 
with dim W = 2 dim B. It follows that its Zariski open subvariety W° 
is also a smooth connected varietyn of the same dimension. Note that 
K : K ^ G is a. composite of the Galois covering k : K ^ N~^HN^ 
with Galois group r = {7 G I 7^ = 1} and the open embedding 
N+HN- ^ G. By V = W° Xn+hn- K we see that V is is a Galois 
covering of VV° with Galois group F. Hence V is a smooth variety. 
It remains to show that V is connected. Since F acts transitively on 
the set X of connected components of V, it is sufficient to show that 
7(X) = X for any 7 G F and X G A*. Since G was chosen to be simply- 
connected, the group F is generated by elements 7^ G F (i G /) with 
G-wXli) = 1 for i 1^ 3 and = — 1. Hence it is sufficient to show 

that 7j(X) = X for any i G / and X & X. By the commutativity of F 
we have only to show that for any 2 G / there exists some X & X such 
that 7j(X) = X. Hence the proof is reduced to showing that for any 
2 G / there exists some f G V such that v and 7jf are contained in the 
same connected component of V. We may assume that G = SL2{C). 
Then we can check the assertion by a direct computation. Details are 
omitted. □ 

We regard Ai as the ring of functions on the quasi-affine variety B. 

(£) ~ 

We also regard ZE^ as the ring of functions on B x K x H. We 

denote by Z'^, the sheaf of Cy-algebras corresponding to ZD'^^\ 

ZD^^^ respectively. In order to prove Theorem 15.21 it is sufficient to 
show 

where V is regarded as a reduced scheme. 
Lemma 5.4. For e Ai{\) c A(^{i\) with \ e A'^ we have 
n,{^)eZEf (2 = 1,2), 

and we have 

(5.2) ^^{ip){N-g,{n^h,n2h-^),t) = if^N-t'gn^h-^), 

(5.3) VL2{^){N-g, {nih, n2h-^),t) = '^{N-r^gnih) 

for g e G, ni e A^+, n2 e N' , t,h e H. 

Proof. We may assume that ip G Ai{X)^ C A(^{iX)(^. 

Take bases {fr}r, {vr}r of C[A^~] and U{n~) respectively such that 
{fr,Vr') = Sr,r', whcrc { , ) C[A^"] X U{n^) — !■ C is the canonical 
Hopf paring. Define {xr}r C Ut fl Zp^iUt^) by T^{xr,y) = {fnT^iy)) 
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for any y E U^'^ . We can take {yr}r C f/^' , {y's}s C Ker(7r|f/^' ), 
{x'g}s C t/^, such that 7r(?/r) = Vr for any r, {yr}r U is a basis of 
f/^'~, U {x's]s is a basis of f/^, T^{x'g,yr) = for any r, s, and 

r^(Xg,?/^,) = 5s, s'- Then we have 

r s 

= ^^(wr ■ ^)xrk^e^e{£\). 

r 

By Lemma [5.51 below we obtain 

n,{^){N-g,{n,h,n2h-'),t) = J2ii^r ■ ^){N-g))fr{n2)e^^{h)eex{t) 

r 

= ((712 ■ v){N-g))e^{h-')e^{t') = {n^h-' ■ ^ ■ t'){N-g) 
=ip{N-t^gn2h-^). 

(15.21) is proved. The proof of (15.31) is similar and omitted. □ 

The proof of the following result is standard and left to the readers. 

Lemma 5.5. Let N be a unipotent algebraic group over C with Lie 
algebra n. Denote by ^^Vr® fr the canonical element of (a completion 
of) C[A^] ® U{x\~) with respect to the canonical Hopf paring C[A^] x 
t/(n) — )■ C. Then for any finite dimensional N -module M we have 

gm = ^^ fr{g)vrm {g e N,m e M). 

r 

We define Fi : B x K x H ^ B = 1,2) by 

Fi{N'g, {nih,n2h'^),t) = N't'^gn2h-\ 

F2{N~g, {nih,n2h~^),t) = N~t~^gnih 

for g e G,ni e iV+, n2 e N~ ,h,t e H. 

Lemma 5.6. The equations 

^ o Fi{x) = ^ o F2{x) (v^eAi) 

for X E B X K X H give defining equations of V, which is reduced at 
any point of V. 

Proof. Since B is quasi-affine, the equations 

i^{x) = <^{y) G Ai) 

for {x,y) E B X B give defining equations of the diagonal subvariety 
{B X ;B)diag = {ix,x)\xeB} 
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of B X B. Hence by the cartesian diagram 



BxK X H 



BxB 



it is sufficient to show that {Fi, F2) :BxKxH-^BxB is a smooth 
morphism. Define a: BxKxH~^BxKxH,/3: BxKxH^ 
BxGxH &nd -f. BxGxH^BxB by 

a{N~ g, {nih,n2h~^),t) = {N~t^gn2h~^, {nih,n2h~^),t), 
(3{N'g,{nih,n2h'^),t) = {N' g, hn2^nih,t^), 
^{N-g,x,t) = {N-g,N-t-'gx) 

for g,x G G, rii E N^, n2 G A^^, h,t G H. Let us show that {3 
is smooth. For that it is sufficient to show that x N~ x H 3 
{ni,n2,h) I—)- hn2^nih G G is smooth. This morphism is a composite 
of an isomorphism x x H 3 {rii, n2, h) t— ?■ {h~^nih, hn2h~^, h) G 
A^"*" X X H and a smooth morphism A^"^ x x H 3 {ni,n2, h) 1— t- 



n. 



'^h^rii G G. Hence {3 is smooth. Then by the cartesian diagram 



BxKxH BxB 



Bx K X H 



7°/3 



id 

BxB 



and the smoothness of (3 it is sufficient to show that 7 is smooth. 
Since the group G = G x H acts on B from the right by N~g ■ {x, t) = 
N~t~^gx, we can identify B with N~\G, where N~ = {{x,t) e G x H \ 
t'^x eN~}. Under this identification 7 : (iV-\G) x G -> {N^\G) x 
{N~\G) is given by 'y{N~x, g) = {N~x, N~xg), and hence the assertion 
is clear. □ 



By Lemma EH Lemma [5.61 we have a sequence 

of surjective homomorphisms of Og^^^ji^-algebras. Hence in order to 
prove Theorem 15.21 it is sufficient to show that C-p Z^ is an isomor- 
phism. 
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5.3. By De Concini-Procesi [9^ 11.7] the center Z of is endowed 
with a Poisson algebra structure by 

(5.4) {a,b} = [a,b]/i{q^ -q-^) {a,b e Ef\a,b e Z). 
Here 

= ^a(A) ® f/A ® A[A] c Ea. 

AeA+ 

Note that ZE^^^ is a subalgebra of Z. We will show that ZE^p is a 
Poisson subalgebra of Z. 

We endow Ca (8)a t^A with an A-algebra structure such that Ca CS) 1, 
1 ® f/A are subalgebras naturally isomorphic to Ca, J/a respectively, 
and 

(1 ® u){ip (g) 1) = ^M(o) ■ ® (m e [/a, V? e Ca). 

Then the center Z{C(^ ® ?7() of C^ is endowed with a Poisson 
algebra structure by 

(5.5) {a,b} = [a,b]/e{q^-q-^) {a,b ^ Cp,®^Up,,a,b e Z{C^®Uc)). 

Similarly to Lemma [5A] we see that C[G] ® ZpriU^) is a subalgebra 
of 2'(C^ ® t/(^). We first give a description of the Poisson bracket of 

C[G]®ZFr{U^). 

Denote by i the Lie algebra of K. We identify K with a subgroup 
of C X C and regard t as a subalgebra of © g. Namely, 

i = {{h + a,-h + b) I /i G [), a G n+, 6 G n"}. 

Denote by S the diagonal subgroup {((7, (7) | (7 G C} of G x G. Then 
its Lie algebra s is given by 

s = {(x, x) I x G g} C © 0. 

In particular, we have © = t © 5. We sometimes identify S with G 
by (fi', S') ^5'- Define a symmetric bilinear form e on © by 

e((xi, X2), (1/1, ^2)) = e(xi, yi) - e(x2, ?/2) (xi, X2, I/2 e g), 

where e : x g — )■ C is the invariant symmetric bilinear form on whose 
restriction to f) x f) induces the bilinear form (11.11) on f)*. Then e|t xt and 
e|s X 5 are identically zero, and e|t x s is non-degenerate. In other words 
(0 ©g, €,5) is a Manin triple with respect to e. In particular, C[-ft'] and 
£.[3] are Poisson Hopf algebras (see Drinfeld pTO], De Concini-Procesi 
[9]). We will sometimes identify g* and with t and g respectively via 
the non-degenerate paring e|t x 5 and the identification = s. 
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In general let A be an algebraic group over C with Lie algebra a. For 
a G a we define vector fields La, Ra on A by 

{Laf){g) = jJ{geMta))\t=^ {g E A, f e OA,g), 

{Raf){g) = jJ{eM-tci)g)\t=o (geAJe Oa,,). 

For ^ G a* we define 1-forms _R| on A by 

{La,Ll) = {Ra,RI) = {a,0 (aea). 

By De Concini-Lyubashenko |8j, De Concini-Procesi [9], Gavarini [12] . 
and Tanisaki [25] we have the following. 

Proposition 5.7. C[G] ^^^^^(t/f) is closed under the Poisson bracket 
(15.51) . More precisely we have the following. 

(i) C[G] is closed under the Poisson bracket fl5.5p . Moreover, the 
isomorphism C[G] = C[S] induced by the identification G = S 
preserves the Poisson structures, where C[S] is regarded as a 
Poisson algebra via the Manin triple {q (B Q,i,5). Namely, the 
Poisson tensor 5 G /\^ TG is given by 

6,{{L;)„ {L;,),) = ~e{p,{Ad{g){v)),Ad{g){r^')), 

(i?;,).) = -i{p.{Ad{g-'M),Ad{g-')m 

for g e G, rj,rj' e t = Q*. Here, Ad : G ^ GL{q © q) is the 
restriction of the adjoint action of G x G on g © g to G = S, 
and : © — > s zs the projection with respect to the direct 
sum decomposition © = t © s. 

(ii) ZFr{U(^) is closed under the Poisson bracket (15. 5p . Moreover, 
the isomorphism ZpriUc) — C[K] (see (ll.34p ) preserves the 
Poisson structures, where 'C[K] is regarded as a Poisson algebra 
via the Manin triple (0©0,t, s). Namely, the Poisson tensor 
6 E /\^ TK is given by 

4((i^g)fc,(^^Ofe) = e>t(Ad(fc)(0),Ad(A;)(0), 
5,{{Rl)uARl,)u) = -i{pi{Ad{k-'m),Ad{k-'){a) 

for k e K, e Q = r. Here, Ad : K ^ GL{q © 0) is the 
restriction of the adjoint action of G x G on © g to K , and 
Pi : Q ® Q ^ t is the projection with respect to the direct sum 
decomposition g © g = t © s. 
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(iii) The restriction of the Poisson tensor 5 ^ T{G x K) with 
respect to (I5.5P to TG ® TK is given by 

5(,,,)((L;)„(i?*),) = e(e,r7) 

forgeG,keK,r]el = Q\^eQ = r. 

Lemma 5.8. The Poisson structure c»/C[G'] induces that of 'C[N~\G]. 

Proof. It is sufficient to show that Ai is closed under the Poisson 
bracket of given by 

{a, 6} = [a,h]/ i{q^ - q-^) {a,h E C^,a,h e C[G]). 

Let '^,4' E Ai. Then we have {fy'ip} = [a,b]/i{q^ — q~^) for a,b G Ca 
such that a = ip and b = ip. We may assume a, 6 G Ap^. Then we have 

eC[G]r\A^ = Ai. □ 

For a G we denote by La the vector field on N~\G induced by La- 
Namely, 

{LJ){N-g) = j^f{N-gexp{ta))U=o [g^GJe 0^-\G,N-g). 
Then we have a surjective linear map 

S -> T{N-\G)N~g {a ^ {La)N-g) 
with kernel Ad((7^^)(n^). Hence we have 

T*{N-\G)M-g 
-{r;G0*|(Ad(r')(n-),r/) = {O}} 
-{r^G«|e(Ad(r')(n-),r/) = {0}} 
={{yi.y2) e t \ eiAdig-')in-),y^ - y^) = {0}} 
={{yi,y2) e ! I - 1/2 e Ad{g'')ib-)}. 

For N-g G N~\G we set 

^N-g ={veQ* I {Adig-')in-),r]) = {0}} 

={{y,,y2)et\ yi~y2eAdig-')ib-)}. 

For T] G «7v-3 we define I* G T*(A^-\G);v-3 by 

{La,Ll) = {a,ri) (a G g). 
We easily obtain the following from Proposition 15.71 
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Proposition 5.9. ZE^^'^ is closed under the Poisson bracket (15. 4p . 

Moreover, under the identification ZEf = C[A^~\G] (g) C[K] ® C[H] 
the corresponding Poisson tensor of the manifold {N^\G) x K x H is 
given by 

SiN-g,k,t)(Ll,Ll') = iip,iAd{g){r])),Ad{9)iv')) {v,v' e ^N-g), 

= -~eiAdig-')icx),v)/2i (v e A G r), 

6^N-g,kM{T*H)t, {T*K)k © {T*H)t) = {0}. 

Here, c\ for A G f)* denotes the element of I) such that ii{c\) = (A,/i) 
for any fi E i)* . 

Proposition 5.10. V is a Poisson submanifold of {N^\G) x K x H 
with non- degenerate Poisson tensor. In particular V is a symplectic 
manifold. 

Proof. Denote by 

rad(5(;v-,,fc,<)) C {T*{N-\G))M-g © {T*K)k © {T*H\ 

the radical of the Poisson tensor 5 at {N~g,k,t) e (A^~\G) x K x 
H. Then it is sufficient to show {(TV)(N-g,k,t))~^ = T^^(i{S{N-g,k,t)) for 
any {N~g,k,t) G V. Here, (TV)[N-g,k,t) is identified with a subspace 
of {T{N-\G))j,-g © {TK)k © iTH)t,'and iiTV)iN-gAt))^ denotes the 
subspace of {T*{N-\G))N-g® {T*K)k® {T*H)t which is orthogonal to 
{TV)(N-g,k,t) with respect to the canonical paring between the tangent 
and the cotangent spaces. 

Let us first compute rad(5(Ar-p ^ j)) using Proposition 15. 9[ Assume 

y = 1^ + RI+ LI G Tad{6(^N-g,k,t)) for rj = (r/i,r/2) e ^N-g, ^ e g, 
A G (). Note that the condition for (771,772) G { to be contained in ^N-g 
is equivalent to 

(5.6) e(Ad(^)(77i-772),n-) = {0}. 
By 5(^N-g,k,t)iy, Rl>) = for any f G g we have 

(5.7) Ad{k-^){r]) - Ad(A;-i)(0 G s. 
By 5^N~g,k,t){y, L*^) = for any /i G {)* we have 

(5.8) e(Ad(5)(r/i-772),f)) = {0}. 
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By 6(^N-g,k,t)iy, L*^,) = for any r]' e t^-g we have 

(5.9) p,{Ad{g){rj)) - Ad{gm + \fx G n-. 

By (EED and (ESD we have 

(5.10) Ad(^)(77i-r72) en". 
By 

kd{g){ri) = (Ad((7)(77i),Ad((7)(77i)) + {0, - Ad{g){vi - m)) 

and (15.101) we have ps{Ad{g){ri)) = Ad{g){rii). Hence (15. 9p is equivalent 

to 

(5.11) ^ = r]i+Ad{g''){cx/2i + z) {zen~). 
Substituting (15. lip to (15. 7p we obtain 

(5.12) Ad{gK{k)-'g-'){cx/2£ + z) = cx/2i + z + Ad{g){r], - r]^). 
In the case {N~g, k,t) eV we have gK{k)^^g^^ G t''^^N~ and hence 

Ad{gK{k)-'g-'){cx/2£ + z) - {cx/2£ + z) e n- . 

Therefore, for each A G P)* and 2; G n~ there exists unique rj = 

ij]i)V2) ^ ^ satisfying (15.101) . (I5.12p . We conclude that rad((5(Ar-g ^ ^)) 
for {N~g, k,t) consists of 

(5.13) y{X, z)=l; + Rl + LI (AG f}* , ^ G n~), 

where r] = (r/i, 772) £ ^N-g and C, E g are uniquely determined by (I5.12p 
and (15. lip . In particular we have dimrad((5(Ar-g^fc^i)) = dimS. Since 
the codimension of V in i3 x x if is also dim B, we have only to show 

{rad{5(^N-g^k,t)),{TV){N-g,k,t)) = {0}. 

By the description of V as a covering of an open subset of W (see 
proof of Lemma for the notation) we see easily that (TV)(7v-c,,fc,f) is 
spanned by the tangent vectors La + Rb (a G 0, & = (&i, 62) G t) with 

(5.14) Ad{K{k)){a) -a- Ad(/t(A;))(62) + 61 = 0, 
and Rb' + L^ [b' = {b[, 62) G c G f)) with 

(5.15) ^d{g){b[ - Ad(K(A;))(6^)) - 2£c G n". 
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Take y{X, z) as in fl5.13p . and set u = c\/2i + z. For La + Rh satisfying 
f l5.14p we have 

{y{\z),La^Rh) 
=e(a, r/i - 772) + e(6i - 62, 

=e(a, M{K{kr^g-^){u) - k&[g-'){u)) + e(6i - 62, r/i + k&{g-^){u)) 
=e(Ad(«:(A;))(a) - a, Ad((7-^)H) + e(6i - 62, r/i + Ad((7-i)(n)) 
=e(-6i + Ad(/s:(A;))(62), Ad((^-i)(n)) + e(6i - 62, + Ad(r')H) 
=e(Ad(K(A;))(62) - &2,Ad((7-^)(n)) + e(6i - 62,^71) 
=e(62, AdKA;)- - Ad((7-i)H) + e(6i - 62, ^1) 
=6(62, ?7i - 772) + e(&i - ^2, ^71) 
= - e{b2,r]2) + e(6i,?7i) 
=0. 

For Rh' + Lc satisfying (15.151) we have 

{y{\,z),Rb' + Lc) 
=e{^,b[-b',) + Xic) 
=e{r],+Adig-')iu),b[-b',) + X{c) 
=e{u, Ad{g){b[ - b'^)) + e(r^i, b[ - b'^) + A(c) 

=e(w, Ad((7/t(fc))(6^) - Ad(^)(6'2)) - e(cA/2£,2£c) + e(r/i,6; - 6^) + A(c) 

=t{M{K{k-')g~'){u)-M{g-^){u)X) + <Vi.h\-b'^) 

=e{r]i - r]2, b'^) + e(?7i, 61 - 63) 

= -e(r/2,fe^) + e(r/i,6;) 

=0. 

The proof is complete. □ 

5.4. Let us finish the proof of Theorem 15. 2[ Set Ji = Ker(Zi?^^^ — )■ 
ZDf ). Since ZEf) ZDf is a morphism of Poisson algebras, Ji is 
a Poisson ideal of ZE}^ . Hence y Ji is also a Poisson ideal. It follows 
that the support of is a Poisson subvariety oi B x K x H contained 
in V. By Lemma 15.31 and Proposition 15.101 V contains no non-empty 
Poisson subvariety except for V itself. Therefore, we have only to show 
0. Since Ai contains no non-trivial zero divisors, the composit of 
— )■ — )■ Endc(^f) is injective, where Ai — )■ is given by h-j- i^. 
Hence Ai — )■ ZD^^^ is also injective. It follows that Z/^ D 7^ 0. The 
proof of Theorem 15.21 is now complete. 
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6. AZUMAYA PROPERTIES 

6.1. By Lemma EH] and Theorem 15.21 Fr^V^^^ and Ft^Vb^ are sheaves 
of Og-algebras containing pv*Cv as a central subalgebra. Hence we 
can consider their locahzations 

on V. They are Oy-algebras, and we have a natural Og-algebra homo- 
morphism — )■ "Dg^. The first purpose of this section is to prove the 
following. 

Theorem 6.1. We have 

Moreover, is an Azumaya algebra of rank on V. Namely, 

Vq^ is locally free as an Oy-module, and for any v G V the fiber Vs^iy) 
is isomorphic to the matrix algebra M^[a+i(C) as a C-algebra. 

We need some preliminaries. 

Lemma 6.2. Forw G W regard G Ai as a subset of E(^. Then with 
respect to the action ofM on E^ we have T'l^-kQ^ = O^^. Moreover, we 

have T-kZE^^^ = ZE^^^ for any T G B. Hence we have also T-kZD'^^^^'^ = 

ZD[^^^ andTi<ZDf = ZOf^ for any T G B. 

Proof. The first half is already shown in Lemma 14.91 In view of 
Lemma 14.31 the only non-trivial part is to show T^^ -k Ai G ZE^^ for 
i G L Let if G Ai. By Lemma [2.51 we have T^^(lp) G Ai. Then we see 
easily that T^'^ G Ai (g) ZpriUc) by Lemma |1I3] (ii). □ 

Lemma 6.3. T>'q^ is locally generated by sections. 
Proof. It is sufficient to show that for any w G 

module (0~^D^''^^)(O) is generated by f^l^^l elements. By Lemma [6.21 

we have T~}:^ * Be = 0«, and T~\ -k ZD'^^^^ = ZD'^^^\ Hence we may 
assume w = e from the beginning. 

Note that {Q~^D'^^^^){Q) is generated by the elements 

j(e(A)) {u G f/c $ G {Q-'A^m, X G A), 

while {Q^^ZD'i.^^^){0) is generated by the elements 

jiu), j(e(A)) (u G ZpriUc), $ G (e:Mi)(0), A G A). 

We first show 

j{y,kp^)Gj{{e;'A^mufC[A]) 
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for any p by induction on ht(/3p). By Proposition 14.101 we can take A, 
7, (p, s as in Proposition 14.111 satisfying 7 = f3p, {Sxp){(ps^^) = 1 and 
{SXp,){(ps^^) = for 7^ p with f3pi = f3p. Then the assertion follows 
from Proposition I4.11[ 
We next show 

j{k,) G j{{e:'A^mu^){&;'zDf^m 

for any G A. We see easily that there exists some A G A"*" such that 
/i - 2A G M. Write j{k^) = j(/i;2a)j(^/.-2a)- Then we have j(fc^-2A) e 
{Q~^ZD'^^^^){0) by /c^_2A ^ ZpriU(). Hence the assertion follows from 
Proposition 14.121 
It follows that 

{Q^'Dfm = j{{e;'A^muu^){&;'zDf'>m. 

By definition is a free U^r\Zpr{U(^)-Taodule of rank S^^^. Moreover, 

(e~M^)(0) is a free (e-Mi)(0)-module of rank £'^^1 by Proposition 
We are done. □ 

By fl4.35p we have an Oy-algebra homomorphism 

where Z{Uc) — )■ 0\> is given by 

V^K yiH/w {H/Wo) SpecZ(f/c)) {B-g,k,t) ^ (A;, [f])) 

(see Corollary II. 7p . 

Let ao G A+ be the highest root and set II = | i G /} U {ao}- 
Set 

i/,, = {t G 1 a G n, e^itf = 1 =^ e^itf = (-(^p-")}, 

Vur = {{B-g,k,t) eV\teHur}. 

By Brown-Gordon [B] C'v^r is an Azumaya algebra of rank 

£2|A+| ^YiQ other hand, since is a quotient of P^^, Vb^ 

is also locally generated by f^l^"*"! sections. Hence we obtain 

by Lemma [6.41 below. In particular, Dg^lv^^ is an Azumaya algebra of 
rank £2|a+|. 

Lemma 6.4. Let X he an algebraic variety over C, and let f : A ^ A' 
be a homomorphism of Ox-algebras. Assume that A is an Azumaya 
algebra of rank n? on X and that A' is coherent and locally generated 
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by sections as an Ox-module. Assume also that the fiber A'{x) is 
not zero for any x & X . Then f is an isomorphism. 

Proof. For each x e X consider the C-algebra homomorphism : 
A{x) — > A'{x) for the fibers. Then is a non-zero homomorphism 

since it sends Ia(x) to l^'ix) which is non-zero by A'{x) ^ {0}. Hence 
by the simphcity of A{x) we conclude that Z^- is injective. On the other 
hand we have dim^(a;) = r? and dim^'(a;) ^ by our assumption. 
It follows that jx is an isomorphism for any x ^ X. 
Define A' by the exact sequence 

A^Al ^Al' ^ 0. 

Then we have Al'ix) = {0} for any x & X hy the surjectivity of fx- 
Hence A!' — {0} by Nakayama's lemma. It follows that / is an epimor- 
phism. 

Let us show that / is a monomorphism. We may assume that X is 
affine and A is free. Set R = V{X, Ox), A = r{X, A), A' = r{X, A'). 
We need to show that the homomorphism F : A ^ A' oi it!-modules 

corresponding to / is injective. Note that A is isomorphic to i?" . By 
the injectivity of for x E X the homomorphism Fy^ : R/m (8>_r A — > 
R/m A' is injective for any maximal ideal m of R. Hence by the 
commutative diagram 

A — ^ A' 



R/m<^RA > R/m<^RA' 

and Ker(74 R/m^R A) = mA we have 

Ker(F) c p|m^ ^ pjmi?'^' = (p|mi?)'^' = {0}. 

mm m 

□ 

For II E A we define t^ E H hy 

0x{t,) = C^'''^ (AG A). 
Note that we have tj^ — 1. We consider the automorphism 

: V ^ V {B-g, k, t) ^ {B-g, k, t^t)) 
of the algebraic variety V. 

Lemma 6.5. For /i e A the Oy-algebras ^^V^^ andV^^ are isomorphic 
locally on B. 
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Proof. We will show 

for any w G W . It is sufficient to verify that there exists a C-algebra 
automorphism of Q~^D(^^^\Q) which induce 

under the identification Py^Bw = Spec ZD (;^^\0). Note that 

Hence the problem is to construct an automorphism of the C-algebra 
Q-'D^{0) satisfying 

ip^ip, d^^d,, ax^C^^'^^'^ax (^Ge-Mi(0),2eZ^.(f/c),AG A). 
Take c G A^{^)y;-i^ \ {0} C 0e Then the automorphism 

satisfies the desired property. □ 

By 

U U^ur) = V 

we conclude that is an Azumaya algebra of rank f^'^^l on V. Re- 
call that there exists a surjection — )• V^^. By the arguments above 
there exists locally a generator system of "Dg^ consisting of f^l^^l sec- 
tions which gives a (local) free basis of "Pe^. Hence — > T>q^ is an 
isomorphism. The proof of Theorem 16. II is now complete. 
By Theorem 16.11 and Lemma 13.91 we have the following. 

Corollary 6.6. uj*D[ = uj*D^. 

6.2. Define 

5 -.V ^ K Xh/w H 

by S{B~g, k, t) = {k, t), where H — )■ H/W is given hj t [t^^]. In the 
rest of this section we will prove the following result. 

Theorem 6.7. For any {k,i) G K x^jy^ H, the restriction ofVis^ to 
S~^{k,t) is a split Azumaya algebra. 

We need some preliminaries. 



66 



TOSHIYUKI TANISAKI 



Lemma 6.8. Let A be an Azumaya algebra on an algebraic variety X . 
Assume that M. is a locally free right A-module of rank one. Then 
Sndj[{A4) is an Azumaya algebra whose rank is the same as that of A. 
Moreover, if A is a split Azumaya algebra, then £ndj\^{M.) is also a 
split Azumaya algebra. 

Proof. Let \^ be a finite-dimensional vector space over a field k and 
regard M = Endfc(^) as a right Endfc(^)-module by the right multi- 
plication. Then the left multiplication of Endk{V) induces a canonical 
isomorphism 

(6.1) EndEnd,(y)(M) =Endfe(\/) 

of fc-algebras. Hence the first half of our theorem holds. Let us show 
the second half. Assume A = Endox (VV) for a locally free Cx-module 
W. Then it is sufficient to show Snd^iM) = Sndo^iM W)- This 
also follows from (16.11) . □ 

Proposition 6.9. For any G A there exists a locally free right T>s^- 
module of rank one such 

C,Vrs,=£nd^^^{C,). 

Proof. Note that is a A-graded D^-bimodule by the left and the 
right multiplications. Define -D^[/i] to be the A-graded D^-bimodule 
which coincides with as a Z)^-bimodule and the grading is given by 
(D^[/i])(A) = Dq{\ + jj). Then we obtain a A-graded D^^^-bimodule 

AeA 

Note that the left and the right actions of ZD^^'^ on are differ- 

ent. In fact we have 

z-P = P-l,{z) {zeZDf), 

where : ZD^^'^ — )■ ZD'^^ is the algebra automorphism corresponding 
to Regard D(\p}^^^ as a ZZ)^^''-module by the right action and 
consider its localization on V. Then the right action of D)^ on 
D^j^^^ induces a right "D^^-module structure of L^. Moreover, 
is a locally free right "D^^-module of rank one. On the other hand 

regard d'^^ as a A-graded ZD^^^'-algebra by the modified ZD^^^-module 
structure given by 

zoP = ^^{z)P {z G ZD'^\ P G Df). 



QUANTIZED FLAG MANIFOLDS 



67 



Then the locahzation of on V with respect to the modified A- 

graded Z_D^^^-algebra structure coincides with ^I^Vq^. Hence we obtain 
an (!?v-algebra homomorphism 

induced by the left multiphcation of D^^^ on {Dc_[^]Y^\ By Theorem 
16.11 Lemma 16.81 and Lemma 16.41 this is an isomorphism. □ 

Let us finish the proof of Theorem 16. 7[ By Brown-Gordon [6] the 
assertion holds when t G Hur- The general case is reduced to this case 
by Proposition 16.91 and Lemma 16.81 
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